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PREFACE .

T
HI S book is the reproduction of a Paper, the

several parts of which appeared in Hermat/zma

during the last eleven years . The favourable ‘ recep

tion which from the first it met with on the part of

many competent authorities , as well in this country

as on the Continent , and the desire which has been

expressed in several quarters that the Articles should

be collected and published in a volume , have led to

this publication .

I have prefixed headings to the chapters , and

introduced some additional diagrams . I have also

added some notes and an index. Some changes , too,
were necessitated by the new form of theWork ; and

I have made a few corrections , which are indicated

for the most part by brackets . With these exceptions
the book is textually the same as the Paper in Her

maflmza. I n this Paper great pains were taken to

ensure accuracy in the references these I have since

checked, and I trust that they will now be
' found

quite reliable .



vi Preface.

I t has been , throughout, my aim to state clearly

the facts as known to us from the original sources,
and to make a distinct separation between them and

conjectures , however probable the latter might be.

The bust in the frontispiece is taken from

Gronovius, Tlzesaum s Graecarum Antz
’

qm
'

tatum , Vol.

I I . , Tab . 49 . The inscription under it in the

eng raving is

ARCHYTAS

PythagoricusMechanic isClarus

Ex NummoaereoapudFulm
'

um Ursz
'

nam.

Ample references are given in the notes to the

authors whose works I have studied .

I t only remains for me now to express my warmest

thanks and acknowledgments , in the first place, to

my friend D R . JOHN K. I NGR AM , Senior Fellow of

Trin ity College , D ublin , to whom this Work from

its inception and during its course is much indebted .

Indeed it would scarcely have been written but for

the hospitable reception afforded to it in the pages of

ffermaflz ma, which periodical , edited by D R . I N GR AM ,

enabled me to publish the results of my labours

gradually. I n the midst of his many and arduous

duties , and of his own important l iterary work , he

has been always ready to assist me by his kind en

couragement and sound judgment



Preface. vii

I have, in the next place, to acknowledge my great

obligations to my late friend and colleague D R . Joan
F . D AV I E S , Professor of Latin in Queen

’ s Col lege,
Galway , whose recent death I deplore . I n the later

Articles in e rmat/zena I was much aided by his

counsel and valuable suggestions : he kindly super

vised all the translations that were not purely mathe

matical; he careful ly revised the proofs , and added

some critical notes . Nor can I close this reference

to D R . D AV I E S without dwel ling for a moment on

his rare qualifications as a scholar, his disinterested

love of learning, and the nobleness of his personal

character.

In conclusion , I have to express my thanks to

the Provost and Sen ior Fellows of Trinity College ,
D ublin , for including this Work in the D ubl in Un i

versity Press Series .

GEOR GE J . ALLMAN .

QUE EN
’

S COLLEGE , GALWAY,

jameary 10th , 1889 .
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G R E E K G E O M E T R Y

FR OM

THALES TO EUCLI D

INTR ODUCTION .

Object of thisWork—Authorities on theE arly History ofGeometry.—The
Historic Summary of Proclus.

I
N studying the development of Greek S cience

, two

periods must be carefully distinguished.

The founders of Greek philosophy—Thales andPytha
goras—were also the founders of Greek S cience, and from
the time of Thales to that of Euclid and the foundation of

theMuseum ofAlexandria, the development of sciencewas,
for the most part, the work of the Greek plu

'

losoplzers.

With the foundation of the S chool of Alexandria, a second
period commences ; and henceforth, until the end of the

scientific evolution Of Greece, the cultivation of science

1 I t has been frequently observed, and is indeed generally admitted, that the
present century is characterisedby the importancewhich is attached to historical
researches, andby aWidely diffused taste for the philosophy of history.
I n Mathematics, wehave evidence of these prevailing VieWS and tastes in two

Thepublication ofmanyrecentworkson the history ofMathematics,
Ameth , A . , die Gesclu

’

chte def reim Mathematz
’

k, S tuttgart, 185 3 ;
“B retschneider, C . A dieGeometric and die Geom ter var E uklider, Leipz ig,

B



2 Greek Geometry from Tbales toEuclid.

was separated from that of philosophy, and pursued for
its own sake.

I n thiswork I propose to give some account of thepro

gress of geometry during the first of theseperiods, and also
to notice briefly the chief organs of itsdevelopment .

For authorities on the early history Of geometry we are

dependen t on scattered notices in ancient writers, many of
which have been taken from a work which has unfortu
nately been lost—the H istory of Geometry by Eudemus of

R hodes, one of the principal pupils of Aristotle. A sum

mary of the history of geometry during the whole period
of which I am about to treat has been preserved by Pro
clus, who most probably derived it from the work of

Eudemus. I give it here at length, because I shall fre
quently have occasion to refer to it in the following
pages .

After attributing the origin of geometry to the E gyp
tians, who, according to the old story, were obliged to in
ven t it in order to restore the landmarks which had been
destroyed by the inundation of the Nile, and observing
that it is by no means strange that the invention of the

sciences shouldhaveoriginatedin practical needs, and that,

1870 ; Suter, H . ,
Gesolzz

’

eh te def matlzematirchm Wi nem chafien ( I st Part) ,
Zurich , 1873 ; 1"!Hankel, H ., zur Gesckz

’

ch te der Mathematz
’

k in Alter-” mm and

Maul-alter, Leipz ig, 1874 (a posthumousWork) ; ‘Hoefer, F H zlrtoz
'

redesMath !

matz
’

gues, Paris, 1874. (This forms the fifth volume by M . Hoefer on the

history of the sciences, allbeing parts of the His-Mire Um
’

verselle, published
under thedirection ofM . Dum y. ) I n studying this subject, I have made use of
the works marked thus Though the work of M . Hoefer is too metaphysi

caland is not free from inadvertencies and even errors, yet I have derived

advantage from the part which concerns Pythagoras and h is ideas. Hankel’s
book contains some fragments of a great work on the History of Mathematics,

Which was interrupted by the death of the author. The part treating of the

mathematics of theGreeks during the first period—from Thales to the founda

tion of the S choolof Alexandria—is fortunately complete. This is an excellent

work, andis in many partsdistinguishedby itsdepth andoriginality.
The monograph of M . B retschneider is most valuable, and is greatly in

advance of allthat preceded it on the origin of geometry amongst the Greeks.

Hehas collectedwith great care, and has set out in the original, the fragments
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4 Greek Geometry from T[rates toEuclid.

mentioned them in his R ivals as having won fame by
theirmathematics .
After these, Hippocrates of Chios, who found the

quadrature of the lune, and Theodorus of Cyrene became
famous in geometry. Of those whose names have come
down to us, Hippocrates is the first writer of Elements.
Plato, who lived after them, contributed to the pro

gress of geometry, andof the othermathematical sciences,
through his study of these subjects, and through the

mathematical matter introduced in his writings . Amongst
his contemporaries were Leodamas of Thasos, Archytas of
Tarentum, and Theaetetus of Athens, by all of whom
theorems were added or placed on a more scientific
basis .
To Leodamas succeededNeocleides, and his pupil was

Leon , who added much to what had been done before.

Leon also composedElements, which, both in regard to the
number and the value of the propositions proved, are put
together more carefully ; he also invented that part of the
solution of a problem called its determ ination (8wpwpo

’

cj
a test for determin ing when the problem is possible and

when impossible.

Eudoxus of Cn idus, a little younger than Leon and a
compan ion of Plato’s pupils, in the first place increased
the number of general theorems, added three proportion s
to the three already existing, and also developed further
the things begun by Plato concern ing the section ,’ making
use, for the purpose, of the analytical method (rai

'

c dua

Aéaeo'w) .
Amyclas of Heraclea, one of Plato

’s compan ions, and

Menaechmus, a pupil of Eudoxus and also an associate

3 D oes this mean the cutting of a straight line in extreme and mean ratio,
sectz

'

oaurea or is the reference to the invention of the conic sections? Most
probably the former. I n E uclz

’

d
’
r E lements, lib . 11m ,

the terms analyst: and

sy nthetic are first usedanddefinedby h im in connec tion with theorems relating
to the cutting of a line in extreme and mean ratio. See Bretschneider, die

Geometric vor E ublz
'

der, p. 168 .
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of Plato, and his brother, D einostratus, made the whole
of geometry more perfect. Theudius ofMagnesia appears
to have been distinguished in mathematics

,
as wellas

in other branches of philosophy, for he made an excellen t
arrangemen t of the Elements, and generalizedmany parti
culat propositions . Athenaeus of Cyz icus [or Cyz ic inus of
Athens] about the same time became famous in other
mathematical studies, but especially in geometry. All

these frequented theAcademy, andmade their researches
in common .

Hermotimus of Colophon developed further what had
been done by Eudoxus and Theaetetus, discovered much
of the Elements, and wrote something on Loci . Philip
pusMendaeus [Medmaeus] , a pupil ofPlato, anddrawn by
h im to mathematical studies, maderesearchesunder Plato

’

s

direction , and occupied himself with whatever he thought
would advance the Platon ic philosophy. Thus far those
who have written on the history of geometry bring the

developmen t of the sc ience.

a

Proclus goes on to say, Euclidwas not much younger
than these ; he collected the Elements, arranged much of
what Eudoxus had discovered, and completed much that
had been commenced by Theaetetus ; further, he substi

tuted incon trovertible proofs for the lax demonstrations
of his predecessors . He lived in the times of the first
Ptolemy, by whom , it is said, hewas askedwhether there
was a shorterfway to the knowledge of geometry than by
his Elements, to which he replied that there was no royal

road to geometry. Euclid then was younger than the

disciples of Plato, but elder than Eratosthenes andArchi
medes—who were contemporaries—the latter of whom
mentions h im . Hewas of the Platon ic sect, andfamiliar

3 From thesewordswe infer that theHistory of Geometry by Eudemusismost
probably referred to, inasmuch as he lived at the time here indicated, and his

history is elsewhere mentioned by Proclus.
—Proclus, ed. G. Friedlein, pp . 399,

3337 352 7 and379
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with its philosophy, whence also he proposed to himself
the construction of the so-called Platon ic bodies [the
regular solids] as the final aim of his systematisation
of the Elements.‘

Procli Diadochi in primmn E uclidisElemen tom m libmm commentaru. E x

recognitioneG. Friedlein . Lipsiae, 1873, pp . 64-6 8 .
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CHAPTE R I .

THALE S .

Thefounder ofGreekGeometry. —Characteristic featureof hiswork—D istinction
between Greek Science and the Science of the OrientalS .

—Notices of the
geometri calwork of Thales. I nferences from these notices as to his

geometri calknowledge.
-I mportance of his work.—The furtherprogressof

Geometry wasnot due to his successors in the I onic School.

THE first n ame, then , which meets us in the history of
Greek mathematics is that of THALES of Miletus (640

5 46 He lived at the time when his native city, and
Ion ia in general, were in a flourish ing condition , andwhen
an active tradewascarried on with /E gypt. Thales himself
was engaged in trade, is said to have resided in E gypt,
and, on his return to Miletus in his oldage, to have brought
with him from that country theknowledge ofgeometry and
astronomy.

To the knowledge thus introduced he added the capital
creation of the geometry of lines, which was essentially
abstract in its character. The on ly geometry known to the
Egyptian priests was that of surfaces, together with a
sketch of that of solids, a geometry consisting of some
simple quadratures andelementary cubatures, which they
had obtainedempirically ; Thales, on the otherhand, intro
duced abstract geometry, the object of which is to establish
precise relations between thedifierent parts of a figure, so
that some of them could be found by means of others in a
manner strictly rigorous. This was a phenomenon quite
new in theworld, anddue, in fact, to the abstract spirit of
the Greeks . I n connection with the new impulse given to
geometry, there arose w ith Thales, moreover, scien tific
astronomy, also an abstract science, and undoubtedly a
Greek creation . The astronomy Of the Greeks differs from
that of the Orientals in this respect, that the astronomy of
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the latter, which is altogether concrete and empirical, con
sistedmerely in determin ing theduration of some periods,
or in indicating, by means of a mechan ical process, the
motions of thesun andplanets, whilst the astronomy of the
Greeks aimed at thediscovery Of the geometric laws of the
motion s of the heavenly bodies .‘

The follow ing notices ofthe geometricalwork of Thales
have been preserved
(a). He is reported to have first demonstrated that the

circlewas bisected by itsdiameter”

He is said first to have stated the theorem that the
angles at thebaseofevery isosceles triangle are equal, or,

as in archaic fashion he phrased it, like (époiaz)
(c). Eudemus attributes to h im the theorem that when

two straight lines out each other, the vertically opposite
angles are equal

(d) . Pamphile ‘
relates that he, having learned geo

metry from the Egyptians, was the first person to describe
a right-angled triangle in a circle ; others, however, of

whom Apollodorus, the calculator (6 lower-m fg), is one, say
the same of Pythagoras ”

(e). He never had any teacherexcept during the time
when he went to Egypt and associated w ith the priests.
Hieronymus also says that he measured the pyramids,
making an observation on our shadows when they are of

i The importance, for the present research, of bearing in mind thisabstract
character of Greek science consists in this, that it furnishesa clue by means of
which we can, in many cases, recognise theorems of purely Greek growth , and
distinguish them from those of eastern extraction . The neglect of this considera

tion has led some recent writers on the early history of geometry greatly to
exaggerate the obligations of the Greeks to the Orientals ; whilst others have

attributed to the Greeks the discovery of truths Which were known to the

E gyptians. See
,
in relation to the distinction between abstract and concrete

science, and its bearing on the history of Greek Mathematics, amongst many
passages in theworksofAugusteComte, SystemedePolitiquePositive, vol.
ch . iv. , p. 297, sq.

,
and vol. ch . i . , pp. 424—437 ; and see, also, ks Grands

Tfl esde I
’Human itt, parP. Lafitte

,
vol. Lecon 1sieme, p . 280, sg.

—Appré
ciation dela ScienceAntique.
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the same length as ourselves, and applying it to the pyra
To the same effect Pliny Mensuram altitudinis

earum omnemque similem deprehendere invenit Thales
Milesius, umbram metiendo, qua. hora par esse corpori

solet

(This is told in a differen tmanner by Plutarch . N iloxe

nus is introduced as conversing with Thales concern ing
Amasis, King ofEgypt. Although he[Amasis] admired

you [Thales] for other things, yet he particularly liked the
manner by which youmeasured the height of the pyramid
w ithout any trouble or instrument for, by merely placing
a staff at the extrem ity of the shadow which the pyram id
casts, you formed two triangles by the contact of the sun

beams, and showed that the height of the pyramidwas to
the length of the staff in the same ratio as their respective
shadows

(f ). Proclus tells us that Thales measured thedistance
of vessels from the shoreby a geometrical process, andthat
Eudemus, in his history of geometry, refers the theorem
Eucl. I . 26 to Thales, for he says that it is necessary to use
this theorem in determ in ing the distance of ships at sea
according to themethod employed by Thales in this inves
tigation ;

(g). Proclus, or ratherEudemus, tells us in the passage
quoted above in extenso that Thales brought theknow
ledge of geometry to Greece, and added many things,

Proclus, ed. Friedlein, p . 15 7 .
I bid, p . 250 .

I bid, p . 299.

5 Pamphila was a female historian Who lived at the time of Nero ; an Epi

daurian according to Suidas; an E gyptian according toPhotius.

D iogenesLaertius, c . i. , n . 3, ed. C . G. Gobet, p . 6 .

1 6 8}
‘

I epérvuos Hal ixpe'rpijo
'
almow airrbr TGs nvpauflar in an d:

naparnpipo
’

aw a 87 6 16 0716 7 60151: eio'l. B iog . Laert. , I . , c . i. , n . 6 , ed. Gobet,
p. 6 .

8 Plin . N at. Hist. xxxv1. , 17 .

9 Plut . Sept. Sap. Convin . 2 . vol. I I I . , p . 174, ed. D idot.

WProclus, ed. Friedlein , p . 352 .
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attempting some in a more abstract manner, and some

in a more intuitionalor sensiblemanner.

"

Let us now examine what inferences as to the geome
tricalknowledge ofThales can be drawn from the preced
ing notices .
First inference.

—Thales must have known the theorem
that the sum of the three angles of a triangle is equal to
two right angles .

Pamph ila, in (d), refers to thediscovery of the property
of a circle that all triangles described on a diameter as
base, with their vertices on the circumference, have their
vertical ang les right."

Assuming, then , that this theorem was known to Thales,
hemust have known that the sum of the three angles of

any right-angled triangle is equal to two right angles ; for,
if the vertex of any of these right-angled triangles be con

nectedwith the cen tre of the circle, the right-angled tri
angle will be resolved into two isosceles triangles ; and

since the angles at the base of an isosceles triangle are

equal—a theorem attributed to Thales (6)—it follows that
the sum of the angles at the base of the right-angled tri
angle is equal to the vertical angle, and that therefore the

1‘ Proclus, ed. Friedlein , p . 65 .

13 This isunquestionably thediscovery referred to. Themanner in which it has

been stated by D iogenes Laertius shows that he did not distinguish between a

problem anda theorem ; andfurther that hewas ignoran t of geometry . To th is

effect Proclus When
,
therefore, anyone proposes to inscribe an equilateral

triangle in a circle he proposes a problem ; for it is possible to inscribe one that
is not equilateral. But when anyone asserts that the angles at the base of an

isosceles triangleare equal, he must affirm that he proposes a theorem ; for it is
not possible that the angles at the base of an isosceles triangle shouldbeunequal
to each other. On which account if anyone

,
stating it as a problem,

should say

that hewishes to inscribe a righ t angle in a semicircle, hemust be consideredas

ignorant of geometry, since every angle in a semicircle is necessarily a righ t

one.

”—Taylor’sProclus, vol. p . 110. Frocl. ed. Friedlein , pp . 79 , 80 .

SirG . C . Lewis has subjec ted himself to the same criticism when he says
According toPamphila, hefirst solved the problem of inscribing aright-angled

triangle in a circle.

”—G . CornewallLewis, Histori c ! Survey of theAstronomy
of theAn cien ts

,
p . 83 .
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that the geometers older than the Py thagoreans can be no

other than Thales andhis successors in the Ionic school.
I f I may be permitted to ofi

'

er a conjecture, in confor
m ity with thenotice ofGeminus, as to themanner in which
the theorem was arrived at in the difi

'

erent species of tri
angles, I would suggest that Thales had been led by the
concrete geometry of the Egyptian s to contemplate floors
covered with tiles in the form of equilateral triangles or
regular hexagons,“ and had observed that six equilateral
triangles could be placed round a common vertex ; from
which he saw that six such angles made up four right
angles, and that consequently the sum of the three angles
of an equilateral triangle is equal to two right angles (c).
The observation of a floor covered with square tiles
would lead to a sim iliar conclusion with respect to the
isosceles right-angled triangle.

" Further, if a perpen
dicular be drawn from a vertex of an equilateral triangle
on the opposite side,“ the triangle is divided in to two

right-angled triangles, which are in every respect equal
to each other, hence the sum of the three angles of each of
these right-angled triangles is easily seen to be two right
angles. I f now we suppose that Thales wasled to exam ine
whether the property, which he had observed in two dis

tinct kinds of right-angled triangles, held generally for
all right-angled triangles, it seems to me that, by com

Floorsorwalls coveredwith tilesof various colourswere common in E gypt.
SeeWilkinson ’

sAncient E gyptians, vol. pp . 287 and 292 .

1" A though the theorem that only three kinds of regular polygons—the
equilateraltriangle, thesquare, and the hexagon—can be placedabout a point so
as tofilla Space, ” isattributed by Proclus to Pythagoras or his school(hm r)

Geépmta Toa
'

iro l
'

I vOa'

ydpuor : Proclus, ed. Friedlein , p . yet it isdificult to

conceive that the E gyptians—who erected the pyramids—had not a practical
knowledge of the fac t that tilesof the forms abovementionedcouldbe placedso
as to form a continuous plane surface.

1° Though weare informedby Proclus (ed. Friedlein, p. that Oenopides
ofChios first investigated (Gama y ) this problem , yet Thales, and indeed the

E gyptians, who were furnished with the square, could not be ignorant of its

mechanicalsolution . Observe that we are expressly told by Proclus that Thales
attemptedsome things in an intuitionalor sensiblemanner.
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pleting the rectangle anddrawing the seconddiagonal, he
could easily see that the diagonals are equal, that they
bisect each other, and that theverticalangle of the right
angled triangle is equal to the sum of the base angles.

Further, if he constructed several right-angled triangles
on the same hypotenuse he could see that their vertices
are all equally distan t from the m iddle point of their com
mon hypotenuse, and therefore lie on the circumference
of a circle described on that line as diameter, which is the
theorem in question . It may be noticed that this remark
able property of the circle, with which, in fact, abstract
geometry was inaugurated, struck the imagination of

Dan te
0 sedelmez zo cerchio far si puote
Triangolsi, ch

’

un retto non avesse.

”

Par. 0. xiii. 10 1.

Second inference—The conception of geometrical loci
is due to Thales.
We are informed by Eudemus (f ) that Thales knew

that a triangle is determined if its base and base angles
are given ; further, we have seen that Thales knew that,
if the base is given , and the base angles not given sepa
rately , but their sum known to be a right angle, then there
could be described an unlimited number of triangles
satisfying the conditions of the question , and that their
vertices all lie on the circumference of a circle described
on the base as diameter. Hence it is man ifest that the
importan t conception ofgeometricalloci, which is attributed
by Mon tucla, and after h im by Chasles and other writers
on the History of Mathematics, to the school of Plato,“

had been formed by Thales.

1’ Montucla, Histoire des Mathtmatiques, Tome p. 183, Paris, 1758 .

Chasles, Apercu h z
‘

ston
‘

gue des Méthodes en Géométrie, p . 5 , B ruxelles, 183 7 .

Chasles in the history of geometry before E uclid copiesMontucla, andwehave a
remarkable instanceof thishere, forChasles, afterMontucla, callsPlato cc chef



14 GreekGeometry from Tkales toEuclid.

Third inference—Thales discovered the theorem that
the sides of equiangular triangles are proportional.

The knowledge of this theorem is distinctly attributed
to Thales by Plutarch in a passage quoted above (e). On

the other hand, Hieronymus of R hodes, a pupil of Aris
totle, according to the testimony of Diogenes Laertius,”o

says that Thales measured the height of the pyramids by
watching when bodies cast shadows of their own length,
and to thesameefi

‘

ect Pliny in thepassagequoted above (e).
B retschneider thinks that Plutarch has spun out the story
told by Hieronymus, attributing to Thales the knowledge
of his own times ; den ies to Thales the knowledge of the

theorem in question , and says that there is no trace of any
theorems concern ing sim ilarity before Pythagoras ." He

says
, further, that the Egyptians were altogether ignoran t

of the doctrine of the sim ilarity of figures, that wedo not

find amongst them any trace of the doctrine of proportion ,

and that Greek writers say that this part of theirmathe
maticalknowledge was derived from the B abylon ians or
Chaldaeans.” B retschneider also endeavours to show that
Thales could have Obtained the solution of the second
practical problem—the determ ination of the distance of a
ship from the shore—by geometrical construction , a method
long before known to the Egyptians.

” Now , as B retsch
neider den ies to theEgyptians andto Thales any knowledge
of the doctrine of proportion , it was plain ly necessary, on
this supposition , that Thales shouldfind a sufficien t extent
of free and level ground on which to construct a triangle
of the same dimension s as that he wished to measure ; and
even if he could have found such ground, the great length
of the sides would have rendered the operations very difii

30 But we have seen that the account given by, D iogenes Laertius Of the

discoveryofThalesmentionedby Pamphila isunintelligible, andevincesignorance
of geometry on his part .
3 1B retsch . die Geometrieund Geometer nor E uklides, pp . 45 , 46 .

33 I bid
,
p . 18 .

pp 43. 44~
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cult .“ It is much simpler to accept the testimony of

Plutarch, and suppose that themethodof superseding such
operations by using sim ilar triangles is due to Th ales.

I f Thales had employed a right-angled triangle,“ he

couldhave solvedthis problem by the sameprinciple which,
we are told by Plutarch, he used in measuring the height
of the pyramid, the on ly difi

’

erence being that the right
angled triangle is in one case in a vertical, and in the

other in a horiz ontal plane.

From what has been said, it is plain that there is a
natural connection between the several theorems attributed
to Thales, and that the two practical applications which
he made of h is geometrical knowledge are also connected
with each other.

Let us now proceed to consider the importance of the

work of Thales
I . I n a scien tific point of view

(a) . We see, in the first place, that by his two theorems
he founded the geometry of lines , which has ever since
remained the principal part of geometry .

“

Vain ly do some recen t writers refer these geometrical
discoveries of Thales to the Egyptians ; in doing so they
ignore the distinction between the geometry of lines, which

24 I n reference to thisI mayquote the following passagefrom Clairaut, f lémem
deGéométrie, pp . 34-35 . Paris, 1741.

La méthode qu
’
on vient de dormer pour mesurer les terrains, dans lesquels

on me scauroit tirer de lignes, fait souvent naitre de grandes difficultés dans la

pratique. On trouve rarement nu espace uni et libre, assez grandpour fairedes
triangles égaux aceux du terrain don t on cherchela mesure. E t memequandon

on trouveroit, lagrandelongueurdesc6tésdes trianglespourroit rendrelesOpera
tions trés-difficiles : abaisserune perpendiculaire suruneligne dupoint qui en est
éloigné seulement de 500 toises

,
cc seroit nu ouvrage extrémemen t pénible, et

peut-étre impracticable. I limporte donc d’

avoir un moyen qui supplée 3 cos

grandesoperations. Cemoyen s
’

ofi
‘

re comme delui-meme. I lvient
,

” &c .

" 5 Observe that the inventions of the square andlevelare attributedby Pliny
(N at. H ist. , VI I . , 5 7) to Theodorusof Samos, whowasa contemporary of Thales.

They were
,
however, known long before thisperiod to the E gyptians ; so that to

Theodorus isdue at most the honour of having introduced them into Greece.

3° Auguste Comte, SystemedePolitiquePositive, vol. p . 297 .
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we owe to the geniusof theGreeks, and that of areas and

volumes—the only geometry known , and that empirically,
to the anc ient priesthoods. This view is confirmed by an
ancient papyrus, that of R h ind,” which is now in the

B ritish Museum . It contains a complete applied mathe
maties, in which the measurement of figures and solids
plays the principal part ; there areno theorems properly so
called; everything is stated in the form of problems, not
in general terms but in distinct numbers, e.g .

—to measure
a rectangle the sides of which contain two and ten un its of
length ; to find the surface of a circular area whose diame
ter is sixun its ; to mark out in a fielda right-angled triangle
whose sides measure ten and four un its ; to describe a
trapez ium whose parallel sides are six and fourun its, and
each of the other sides twenty un its. We find also in it
indications for the measurement of solids, particularly of
pyram ids, whole and truncated.

It appears from the above that the Egyptians had
made great progress in practical geometry. Of their pro
fic iency and skill in geometrical con structions we have
also the direct testimony of the ancien ts ; for example,
Democritus says “ No one has ever excelled me in the

construction of lines according to certain indications—not

even the so-calledEgyptian
Thales may , in the second place, be fairly con

sidered to have laid the foundation ofAlgebra, for his first
theorem establishes an equation in the true sense '

Of the

word, while the second institutes a proportion .

”

“7 B irch , in Lepsius’ Zeitsckmfi fur Aegypti scke Sprocke und Alterthums
kunde (1868 , p . B retschneider, Geometric norE uklides, p . 16 . F. Hoefer,
H tktoiredesMat/ne‘matigues, p . 69. S ince thisPaperwas sent to the press, D r.

August Eisenlohr, of Heidelberg, has published this papyrus with a transla

tion and commentary under the title ein mathematischesHandbuc/c der alten

n 'pter, Leipz ig,
2" Mullach

,
Fragmenta Ph ilosophorum Graecorum, p. 3 71, D emocritus ap.

Clem. Alex. S trom. p . 35 7, ed. Potter.

“9 Auguste Comte, SystémedePolitiquePositive, vol. p . 300.
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II . I n a philosophic point of V iew
We see that in these two theorems of Thales the first

type of a naturallaw—i . e. the expression of a fixed de
pendence between difl

‘

eren t quan tities, or, in another form ,

the disentanglement of constancy in the midst of variety
has decisively arisen .

’o

III . Lastly, in a practical poin t of view
Thales furn ished the first example of an application of

theoretical geometry to practice,’1 and laid the foundation
of an important branch of the same—themeasuremen t of
heights anddistances .

I have now pointed out the importance of the geome
tricaldiscoveries of Thales, and attempted to appreciate
his work . His successors of the Ion ic S chool followed
h im in other lines of thought, andwere, for the most part ,
occupied with physical theories on the nature of the

un iverse—speculation s which have their represen tatives at
the presen t time—and added little or nothing to the de
velopment of science, except in astronomy. The further
progress of geometry was certain ly not due to them .

Without doubt Anaxagoras of Clazomenae, one of the
latest represen tatives of this S chool, is said to have been
occupied during his exile with the problem of the qua

drature of the circle ; but this was in his old age, andafter
the works of another S chool—to which the early progress
of geometry was really due—had become the common
property of the Hellen ic race. I refer to the immortal
S chool of Pythagoras.

3° P. Lafitte
,
les Grands Yj/pesdc Z

’Human ite‘
,
vol. 11. p . 292.

31Mid
,
p . 294.
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CHAPTER II .

PYTHAGOR AS AND HI S SCHOOL .

S tateofHellasabout themiddle of thesixth century, E .c .
-Pythagoras, probable

date Of his birth and death—D ificulties in treating of Pythagoras and the
early Pythagoreans.

—Pythagorasfirst raised mathematics to the rank Of a

science, and added two new branches
,
Arithmetic andMusic .

—Notices of

the geometricalwork of this School.—I t is much concerned with the Geo

metry of Areas, and is E gyptian in its character.
—Generation of Squares,

Gnomon, Gnomonic Numbers.
—Pythagorean Triangles.

—The Theorem of

the Three Squares.
—Construction of R egular Polygons andof the R egular

Solids.
—D iscovery of I ncommensurable Quantities.

—The Application of

Areas.
—The Doctrine of Proportion and Of the S imilari ty of Figures.

Theorems erroneously attributed to Pythagoras and his S chool.—Conclu
sions from the foregoing examination .

-E stimate of the state of Geometry
circ . 480 E . c .

—TheTheory of Proportion.
—The Ancients regardedPropor

tion not merely asa branch ofArithmetic but as the bondofMathematics.

E stimateof theservicesof Pythagoras.

ABOUT the middle of the sixth century before the Chris
tian era a great change had taken place : Ion ia, no longer
freeandprosperous, hadfallen undertheyoke, first ofLydia,
then of Persia, and the very name Ion ian—the name by
which the Greeks were known in the whole East—had
become a reproach, andwas shunned by their kinsmen on
the other side of theAegean .

1 On the other hand, A thens
and Sparta had not become pre-em inent ; the days ofMa

rathon and S alamis were yet to come. Meanwhile the

glory of the Hellen ic name was main tained chiefly by the
Italic Greeks, who were then in the height of their pros

perity , and had recently obtained for their territory the

well-earned appellation of 75 psya
’

zkn
‘

EAMg .

’ It should be
noted, too, that at th is period there was great commercial
intercourse between the Hellen ic cities of Italy and Asia ;
and further, that some of them , as Sybaris andMiletus on

1Herodotus, 143.
3 Polybius, H .

, 39.
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successor, andby whom he was incited to visit Egypt ,“

mother of all the civilisation of theWest ;
That he left his coun try being still a young man

, and,

on this supposition as to the date of his birth, in the early
years of the reign of Croesus (5 60-5 46 B . when Ion ia
was still free ;
That heresided in Egypt many years, so that he learned

the Egyptian language, andbecame imbuedwith thephilo
sophy of the priests of the country
That heprobably visited Crete andTyre, andmay have

even extended his journeys to B abylon , at that time Chal
decan andfree ;

That on his return to S amos, finding his coun try under
the tyranny of Polycrates,‘ and Ion ia under the domin ion
of the Persians, he m igrated to Italy in the early years of
Tarquin ius Superbus
And that he founded his B rotherhood at Crotona, where

for the space of twen ty years ormore he lived and taught,
being held in the highest estimation , and even looked on

almost as divine by the population—native as well as Hel
len ie and then , soon after the destruction of Sybaris

(5 10 B . being ban ished by a democratic party under
Cylon , he removed to Metapontum, where he died soon
afterwards.

Allwho have treated ofPythagoras and the Pythago

reans haveexperiencedgreatdifliculties. Thesedifi culties

are due partly to the circumstance that the reports of the
earlier andmost reliable authorities have for the most part
been lost, while those which have come down to us are not
always consisten t with each other. On the other hand, we
have pretty full accounts from laterwriters, especially those
of the Neo-Pythagorean S chool ; but these notices, which

0 I amblichus, Vit. Py th ,
c . H .

,
12 .

7 I socrates is theoldest authority for this
,
Bus-iris, c . 11.

0 D iog . Laert . , V111. , c . i . , 3 Aristoxenus, ap. Porphyr. , Vit . Py th . , 9.

9 Cicero, dc R ep. 15 ; Tusc . D is? ” xvi. , 38 .
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are m ixed up with fables, were written with a particular
object in view, and are in general highly coloured; they
are particularly to be suspected, as Zeller has remarked,
because the notices are fuller andmore circumstantial the
greaterthe interval from Pythagoras . S omerecent authors,
therefore, even go to the length of omitting from their ac
coun t of thePythagorean s everything which depends solely
on the evidence of the N CO-Pythagoreans . I n doing so,
theseauthors no doubt efl

‘

ec t a simplification
, but it seems

to me that they are not justified in this proceeding, as the
Neo-Pythagoreans had access to ancient and reliable au

thorities which have unfortunately been lost since.

lo

Though the difficulties to which I refer have been felt
chiefly by those who have treated of the Pythagorean pit i
losop/zy , yet we cannot, in the presen t inquiry , altogether
escape from them for, in the first place, therewas, in the

whole period of which we treat, an intimate connection
between the growth of philosophy and that of science, each
re-acting on the other ; and, further, this was particularly
the case in the S chool of Pythagoras, owing to the fact,
that whilst on the one hand he un ited the study of geo

metry with that of arithmetic, on the other he made num

bers the base of his philosophical system , as well physical
as metaphysical .
It is to be Observed, too, that the early Pythagorean s

published nothing, and that, moreover, with a noble self
den ial, they referred back to their master all their dis
coveries. Hence, it is not possible to separate what was
done by h im from what was done by his early disciples,
andwe are under the necessity, therefore, of treating the
work of the early Pythagorean S chool as a whole.

“

1° Forexample, the History of Geometry , by Eudemus of R hodes, one of the
prin cipalpupils ofAristotle

,
isquotedby Theon of Smyrna, Proclus, Simplicius,

and Eutocius, the last two of whom lived in the reign of Justinian . Eudemus

also wrote a H istory of Astronomy . Theophrastus
, too, Aristotle

’
s successor,

wroteH istori es of Ari thmetic , Geometry , andAstronomy .

11 Pythagorasandhisearliest successorsdonot appeartohavecommittedany



22 Greek Geometry from Tkales toEuclid.

Allagree, as was stated above, that Pythagoras first
raisedmathematics to the rank of a science, and that we
owe to h im two new branches—arithmetic and music.
We have the following statements on the subject

(1)
“ I n the age Of these Philosophers [the B leats and

Atom ists] , and even before them, lived those calledPy tha

goreans, who first applied themselves to mathematics, a
science they improved: and, penetratedwith it, they fancied
that theprinciples of mathematics weretheprinciples of all
things

(z ) Eudemus informs us, in thepassagequotedabove in
extenso, that “ Pythagoras changed geometry into the form
of a liberal science, regarding its principles in a purely
abstract manner, and investigated his theorems from the

immaterial and in tellectual poin t Of view and that “ he

also discovered the theory of irrational quantities, and

the construction of the mundane figures [the five regular
solids] ‘3

(3 )
“ It was Pythagoras, also, who carried geometry to

perfection , afterMoeris 1‘ had first found out the principles
of the elements of that science, as Anticleides tells us in
the second book of his H istory of Alexander and the part
of the science to which Pythagoras applied himself above
allothers was

(4) Pythagoras seems to haveesteemedarithmetic above

of their doctrines towriting . According to Porphyrius (Vit. lyth . p . 40 Lysis

andArchippus collec ted in a written form some of the principalPythagorean
doc trines

,
which were handeddown asheir-looms in their families, under stric t

injunctions that they should not be made public . B ut amid the different and

inconsistent ac counts of the matter, the first publication of the Pythagorean
doctrines is pretty uniformly attributed to Philolaus.

” —Smith ’
s D ictionary ,

in

u. Pkilolaus. Philolaus was born at Grotona, or at Tarentum ,
andwasa con

temporary of Socrates and D emocritus. See B iog . Laert. , Vit. Py tk. , V I I I . ,

0. i., 15 ; Vit . E rnpedoclis, V111. ,
0. ii.

,
2 ; andVit. D emocriti , I X . , c . vii., 6 . See

also I amblichus, Vit. Py th , c . xviii .
,
88 .

12 Aristot . Met . , v. , 985
b
,
23 , ed. B ekker.

‘3 Proclus, ed. Friedlein , p . 65 .

14 An ancient king of E gypt, wholived900 yearsbeforeHerodotus.

‘5 B iog . Laert. , V111.
,
c . i., 11, ed. Gobet, p . 207 .
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everything, and to have advanced it by diverting it
from the service

°

of commerce, and liken ing all things
to numbers ; “

(5 ) He was the first person who introduced measures
andweights among the Greeks, as Aristoxenus the musi
eian informs us
(6) Hediscovered the numerical relations of themusical

scale

(7 ) The word mathematics originated with the Pytha

goreans

(8) The Pythagoreans made a four-fold division of

mathematical science, attributing one of its parts to the
how many, rb misov, and the other to the how much, f ir

” Meow ; and they assigned to each of these parts a two

fold division . For they said that discrete quan tity, or

the from many, either subsists by itself, or must be con

sidered with relation to some other ; but that continued
quan tity, or the [row muck, is either stable or in motion .

Hence they affirmed that arithmetic con templates that
discrete quantity which subsists by itself, but music that
which is related to another ; and that geometry considers
continued quantity so far as it is immovable ; but astro
nomy (n

‘

w coarpmiv) con templates continued quan tity so
far as it is of a self-motive nature

(9) Favorinus says that
.

he employed defin ition s on

accoun t Of [i . e. arising out of] the mathematical subjects
to which he applied himself (89mg xpr

’

waoflat Stdt ijg ”nonpa

ruciig ii) no)
”

Aristoxenus, Fragm . ap. S tob . E clog . Phys ,
I .
,
H., 6 ; ed. Heeren , vol.

p . 17 .
17 D iog. Laert . , V111., c . i. , 13 , ed. Gobet, p . 208 .

19
Th Te nardva Tbr bewas xopbijs er

‘

rpe
'

ir. D iog . Laert .
,
V111. , c . i. , 11, ed.

Gobet, p . 207 .

1° Proclus, ed. Friedlein , p . 45 .

2° I bid. , p . 35 . As to the distinction between 7 8 matron, continuous, and 7 b

f loor, discrete, quantity, see I ambl. , in N icomach i Gerasen i Ari tkmeticam intro

ductionem
,
ed. Tennulius, p. 148 .

“1 D iog . Laert . , V I 11. ,
c . i.

,
25 , ed. Cobet, p . 2 15 .
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AS to the particularwork done by this school in geo
metry

, the following statements have been handed down
to us

(a) The Pythagoreans define a point as “ un ity having
position (pova

'

SG npookofiofiorovOfaw ) 3
”

(6) They considered a poin t as analogous to themonad,

a line to the duad, a superfic ies to the triad, and a body to
the tetrad

(c) The plane around a poin t is completely filledby six
equilateral triangles, four squares, or three regular hexa
gon s : this is a Pythagorean theorem

(d) The Peripatetic Eudemus ascribes to the Pythago
rean s thediscovery of the theorem that the in terior angles
of a triangle are equal to two right angles (Eucl. I . and

states theirmethod of proving it, which was substantially
the same as that of Euclid

(e) Proclus informs us in his commentary on Euclid
I f, 44, that Eudemus says that theproblems concern ing the
application of areas—in which the term application is

not to be taken in its restricted sense in which
it is used in this proposition , but also in its wider sign ifica
tion , embracing im-epfiokfiandfilming , in which it is usedin
the 28th and 29th propositions of the S ixth B ook—are old,
and inventions of the Pythagorean s
(f ) This is to some exten t confirmed by Plutarch, who

2“Proclus, ed. Friedlein , p . 95 .

23 I bid.
,
p . 97 .

34 I bid.
,
p . 305 .

25 ” id” p . 3 79.

3° I bid.
,
p . 419 . Thewordsof Proclusare interesting

“ According to Eudemus, the inventions respec ting the application ,
excess,

and defect of areas are ancient and are due to the Pythagoreans.

Modemsborrowing these names transferred them to the so-called conic lines

the parabola, the hyperbola, the ellipse ; as theolderschoolin theirnomenclature
concerning the description of areas in piano on a finite right line regarded the

terms thus

An area issaid to beapplied (wapaBdAAew) toa given right linewhen an area

equalin content to some given one isdescribed thereon ; but when thebaseof the
area isgreater than the givenline, then theareaissaidtobein excess (67mmN ew)
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says that Pyth agoras sacrificed an ox on account of the
geometrical diagram, as Apollodotus -rus] says

rip/(KG. I I vOa
‘

ydpnsrdn eptd eis eripe
'
ro ypdppa,

xe
'

iv
’
if 5119 Aamrpiwijye'roBov o'inv,

either theone relating to thehypotenuse—namely, that the
square on it is equal to the sum of the squares on the

sides—or that relating to the problem concern ing the ap

plication of areas (sire npdfikrma n splroi
'

r xwpt
'

ov riic n apa

Bolts) 3”

(3 )
“ One of the most essentially geometrical (yswperpt

a
’

rrorc) theorems , or rather problems, is to construct a
figure equal to one and similiar to another given figure, for
the solution of which also they say that Pythagoras offered
a sacrifice : and indeed it is finer and more elegant than
the theorem which shows that the square on thehypotenuse
is equal to the sum of the squares on the sides

(k) Eudemus, in the passage already quoted from Pro

clus, says : Pythagoras discovered the construction of the

regular solids
(i )

“ B ut particularly as to Hippasus, who was a Pytha

gorean , they say that he perished in the sea on account of
h is impiety, inasmuch as he boasted that he first divulged
the knowledge of the sphere with the twelve pentagons

but when the base isless
,
so that some part of the given line lies without the

describedarea, then the area is said to be in defect (lam in ar) . Euclid uses in

thisway, in his S ixth B ook, the termsexcess anddefect. The term applica

tion (wapaBdM ew), which we owe to the Pythagoreans, has this signification .

”

27 Plutarch , non posse suaviter vim
'

sec . Epicurum . c . xi . Plut. , Opera, ed.

D idot, vol. I V . , p . 1338 . Someauthors, rendering u p! 7 06 xwpt
'

ovrijswapaBoAiis

concerning the area of the parabola, ” have ascribed to Pythagoras thequadra
ture of the parabola—which was in fact one of the great discoveries of

Archimedes ; and this, though Archimedes himself tells us that no one before
him had considered the question ; and though further he gives in his letter to

D ositheus the history of hisdiscovery, which , as iswellknown, wasfirst obtained
from mechanicalconsiderations, and then by geometricalreasonings.

2° Plutarch , Symp.
, V111. , Quaestio 2

,
c . iv. Plut. Opera, ed. D idot, vol. I V . , p .

8 7 7 .

“9 Proclus, ed. Friedlein , p . 6 5 .
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[the ordinate dodecahedron inscribed in the sphere]
Hippasus assumed the glory of the discovery to himself,
whereas everything belonged to Him—for thus they
designate Pythagoras, anddo not call h im by name
(j) The triple interwoven triangle orPentagram—star

shaped regular pentagon—wasused as a symbol or sign of

recogn ition by the Pythagoreans, andwas called by them
Health (iryrsia) ; ar

(k) The discovery of thelaw of the three squares (Eucl.
I ., common ly called the l eorem of Py tkagoras, is
attributed to h im by

—amongst others—Vitruvius,” Dio
genes Laertius,” Proclus,“ and Plutarch (f ). Plutarch ,
however, attributes to the Egyptians the knowledge of this
theorem in the particular case where the sides are 3 , 4,

and 5
3“

(1) One of the methods of finding right-angled tri

30 I ambl. , Vit. Py th ., c . xviii. , 88 .

‘1 Scholiast on Aristophanes, N ub . 609 ; also Lucian, pro Lapsu in Salut . ,
s. 5 , vol. pp . 447, 8 ; ed. C . Jacobitz . That thePythagoreansusedsuch symbols
we learn from I amblichus (Vit . Py th .

,
c . xxxiii. , 237 and This figure is

referred to Pythagoras himself, and in the middle ages was called Py thagorae

figura. I t is said to have obtained itsspec ialname from his having written the

lettersv, 7 , 1, 9 er) , a, at its prominent vertices. Welearn from Kepler (Opera
Omn ia, ed. Frjisch , vol. v. , p. 122 ) that even so late as Paracelsus it was re

garded by him as the symbolof health . See Chasles, H istoire de Géomttrie,

PP 477 7 39
D eArch , I x. , cap. 11.

33 Where the same couplet from Apollodorus as that in (f ) is found, except
that nAewiw iiywye occurs in place of Amrphvth ere. D iog. Laert ., V111.

,
c . i. ,

11, p . 207 , ed. Gobet.
3‘ Proclus

,
p . 426 , ed. Friedlein .

“5 do Jr. et Osir. , c . 56 . Plut . Op. , vol. p . 45 7 , D idot .
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(g) The doc trine of arithmetical progressions is attri
buted to [the School of] Pythagoras
(9 ) It would appear that h e had considered the special

case of triangular numbers . Thus Lucian z—HYG. Ei-r‘ in t
rovrroi

’

cw tipflpfuv. AP. 0134: calvim (iptflpt
‘

iv. HYG. 116 1:

Al
"

.

"

Ev, 360, fpla, rfrrapa. DYG.

'

Op¢
'

ig 8 00

80t h“; rfrrapc , rai
'

n
'

a Earlm i rpi7 wvoviw ekéc m i fipffl pov

Sparrow
“

(3 ) Anotherof h isdoctrines was, that of all solidfigures
the spherewas themost beautiful ; andof all plane figures,
the circle.

“

(t)
“Also I amblichus, in h iscommentary on theCatego

ries of Aristotle, says that Aristotlemay perhaps not have
squared the circle; but that the Py thagoreans haddone so,
as is evident, he adds, from the demonstration s of the

Pythagorean Sextus, who had got by tradition the manner
of proof.”

On examin ing the purely geometrical work of Pytha

goras and his early disciples, we observe that it is much
concernedwith the geometry of areas, and we are indeed
struck with its Egyptian character. This appears in the

theorem (c) concern ing the filling up a plane by regular
polygon s, as already noted ; in the con struction of the

regular solids (it), for some of them are found in the E gyp
tian architecture ; in the problems concern ing the appli

cation of areas (e) ; and, lastly, in the law of the three
themselveswith such progressions [arithmetricalandgeometrical] ; anda Greek
notice that they knew proportions, nay, even invented the so-called perfec t or
musicalproportion , gains thereby in value.

” p . 6 7 .

‘3 Zheolog
'umenaArithmetica

,
p . 6 1, ed. F. Ast, Lipsiae, 1817 .

‘3 P2111. Then I willteach you to count . B UYE R . I know how to count

already. Pym . How do you count B UYE R . One, two, three, four. P1111.

D o yousee What you take to be four, that is ten anda perfect triangle andour
oath . Lucian

, Blew rpc
‘

io'cs, 4, vol. p . 3 17 , ed. Jacobitz .

Kai raw cxmcd-m vrb xm w'ror c ¢£pw th at 7 6 11 w epri
‘

w, ri w B
’
éfl réauv

x6x7tov, B iog. Laert . , Vit . Py th " VI I I . , c . i . , 19, ed. Gobet, p . 2 12 .

‘5 S implicius
, Comment , &c . , ap. B retsch ., Gem . varE ukl. , p . 108 . [S implicu,

in Ari stotelirPhy ricom m h
’

bm quattuor prior“ Commentan
'

a , p. 60 , ed. Her

mannusD iels, B erolini,



Py thagoras andletsSclwol. 29

squares (k) , coupled with the rule given by Pythagoras
for the con struction of right-angled triangles in num

bers
According to Plutarch, the Egyptians knew that a tri

angle whose sides consist of 3 , 4, and 5 parts, must be
right-angled.

“ The Egyptians may perhaps have ima

gined the nature of the un iverse like the most beautiful
triangle, as also Plato appears to have made use of it in
his work on the S tate, where he sketches the picture of

matrimony . That triangle contains one of the perpendicu
lars of 3 , the base of 4, and the hypotenuse of 5 parts, the
square of which is equal to those of the contain ing sides.
The perpendicular may be regarded as the male, the base
as the female, the hypotenuse as the ofi

'

spring of both, and
thus Osiris as the originating principle (épxfi), Isis as the
receptive principle (en sue), and Horus as the product

(un orfkeapa)?

This passage is remarkable, and seems to indicate the
way in which the knowledge of the useful geometrical
fact enunciated in it may have been arrived at by the

Egyptian s . The contemplation of a draught-board, or of
a floor covered with square tiles, or of a wall ruled with
squares,‘7 would at once show that the square constructed

‘5 Plutarch
,
dc I s. clOsir. , c . 56 , vol. p . 45 7, ed. D idot.

‘7 I t was the custom of the E gyptians, where a subject was tobedrawn, torule
the walls of the building accurately with squares before the figureswere intro
duced. SeeWilkinson ’

sAncient Emmy “ ,
vol. pp. 265 , 26 7 .
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on the diagonal of a square is equal to the sum of the

squares constructedon the sides—each contain ing four of
the right-angled isosceles triangles into which one of the

squares is divided by its diagonal.
Although this observation would not serve them for

practical uses, on account of the impossibility of presenting
it arithmetically, yet it must have shown the possibility of
constructing a square which would be the sum of two

squares, and encouraged them to attempt the solution of

the problem numerically. Now, theEgyptians, withwhom
speculations concern ing generation were in vogue, could
scarcely fail to have perceived, from the observation of a

chequered board, that the element in the successive
mation of squares is the gnomon (yumm y , or common

M um means that by which anything is known, or cri terion ; its oldest

concrete signification seems to be the carpenter’s square (mm ), by which a

right angle is known . Hence
,
it came to denote a perpendicular, of which ,

indeed, it was the archaic name, as we learn from Proclus on E uclid, I .
,
12

Toiiro rb wd An/ra « pair
-
ow Oivorldm éffir‘mn vxpfio

'

mov ar
’

rrb rpbs darpoko
'

yfav

oidperos
' dropdfu GE rhv ndOerovdpxai

‘

m
’

is nerd yréuom , real6 7 va
’

maw
rpbs tart rciv

‘

6pffovrt (Proclus, ed. Friedlein , p . Gnomon is also

an instrument for measuring altitudes, by means of which the meridian can be

found ; it denotes, further, the index or styleof a sundial, the shadow ofwhich

pointsout thehours.
I n geometry it means the square or rectangle about the diagonalof a square

or rectangle, togetherwith the two complements
,
on account of the resemblance

of thefigure to a carpenter’s square ; and then, more generally, thesimilarfigure
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carpen ter’ s square, which was known to them .

“ I t re

mained for them only to examinewhether some particular
gnomon m ight not bemetamorphosed into a square, and,
therefore, vice versé . The solutiofi would then be easy,
being furn ished at once from the contemplation of a floor
or board composedof squares .

Each gnomon consists of an odd number of squares
,

and the successive gnomons correspond to the successive
odd numbers, "0 and include, therefore, all odd squares .
Suppose, now, two squares are given , one consisting of 16

and the other of 9 un it squares, and that it is proposed to
form another squareout of them . It is plain that the square

with regard to any parallelogram , asdefined by Euclid, I I D ef. 2 . Again , in a

stillmore generalsignification , it means the figure which , being added to any
figure, preserves the originalform . SeeHero, D efinition“
When gnomonsare added successively in thismanner to a squaremonad, the

first gnomon may be regardedas that consisting of three square monads, andis

indeed the constituen t of a simpleGreek fret ; the second, offive squaremonads,
&c . hencewe have the gnomon ic numbers, which were alsolookedon asmale,

or generating.

‘9Wilkinson ’
sAncient Egyptians, vol. p . 111.

‘0 I t may beobserved here that we first count with counters, as is indicatedby
the Greek h ot{car and the Latin calculare. The counters might be equal

squares, aswellas any other like objects. There is an indication that the odd

numbers were first regarded in this manner in the name gnomonic numbers
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consisting of 9 un it squares can take the form of the fourth

gnomon , which, being placed roundthe former square, will

generate a new square contain ing 25 un it squares. S im i
larly , it may have bear observed that the 1ath gnomon ,
consisting of 25 un it squares, could be transformed into a
square, each of whose sides contains 5 un its, and thus it
may have been seen conversely that the latter square, by
taking the gnomon ic, or generating, form with respect to
the square on 12 un its as base, wouldproduce the square of
13 un its, and so on .

This, then , is my attempt to interpret what Plutarch
has told us concern ing Isis, Osiris, andHorus, bearing in
m ind that the odd, or gnomon ic, numbers were regarded
by Pythagoras as male, or generating.

which the Pythagoreans applied to them, and that term was used in the same

signification by Aristotle, and by subsequent writers, even up to Kepler. See

Arist. , Phys. , lib . ed. B ekker
,
vol. p . 203 ; S tob . ,

ab Heeren , vol.

p . 24, and note ; Kepleri, Opera Omn ia
,
ed. Ch . Frisch , vol. V111. ,

Macke

matica
,
pp . 164, sq.

5 ‘ This seems tome to throw light on some of the oppositionswhich are found
in thetableof principlesattributedbyAristotleto certain Pythagoreans(Metaph ,

v. , 986
2
, ed. Bekker) .

The odd—or‘

gnomon ic—numbersarefinite ; theeven , infinite. Oddnumbers
were regardedalso asmale, or generating . Further, by the addition of successive
gnonoms—consisting, as we have seen

,
each of an odd number ofunits—to the

originalunit square ormonad, the square form is preserved. On the other hand,
ifwe start from the simplest oblong (érepdpnxes), consisting of twounit squares,
ormonads, in juxtaposition, andplace about it, after themannerof a gnomon

andgnomon , as we have seen
,
was used in this more extended sensealso at a

later period—4 unit squares, and then in succession in like manner 6
,
8
,

unit squares, the oblong form érepdmpxeswillbe preserved. The elements, then,
which generate a square areodd, while thoseof which theoblong ismadeupare
even . Thelimited, theodd, the male, and the square, occuron one side of the

table : while theunlimited, theeven , the female, and theoblong, aremet with on
theotherside.

The correctnessof this view is confirmed by the following passage preserved
by S tobaeus —"

Ert Gt rfi ray écpet
'iis repto

'o'c
‘

iv 7 w adror reptrwepéw r, 6

7 w6pevosdd rerpd
'

yovds kart. ré
‘

w8kdoc
-lawMotor weprrri erwv, érepopiucets oral

i mam rdrresat oflalrovaw ' Yo‘or 8kiodi ne 0138013 .
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It is another matter to see that the triangle formed by
3 , 4 , and 5 un its is right-angled, and this I think the

E gyptians may have first arrived at by an induction
founded on direct measuremen t, the opportun ity forwhich
was furn ished to them by their pavemen ts, or chequered
plane surfaces .

The method given above for the formation of the

square con structed on 5 un its as the sum of those con

structedon 4 un its andon 3 un its, and of that constructed
on 13 un its, as the sum of those constructed on 12 un its
and 5 un its, required on ly to be generalized in order to

E xplicanda haec sunt ex antiqua Pythagoricorum terminologia. n ew “

nempe dequibushic loqui tur auctor, vocabantur apudeosomnes numeri impares,
7 0. Pkilop. ad Aristot . Phys.,

1. iii . , p . 13 1 : Kai oi dpcOpnrucol8k 7 r¢6porar

xaAoiirn adrras robs repel
-
robs 6111911063 . Causam adjicit S implicius ad eundem

locum , I
‘

véporas 83 éxdkow robs repel
-
robs oi Hooaydprtot 8tk t rpoo

'

rtuaerot roi
‘

s

rerpa
'

yévors, ro am o
’

xfiya ovhdrrovo
'

z, era) of {r yewperpfa yucu
’

mores.

Quae nostro loco leguntur jam satis clara crunt . Vult nempe auctor
,
monade

addita adprimum gnomonem , adsequentes autem summam, quam proximeante
cedentes numeri eficiunt, semperprodire numerosquadratos, r} . c . positis gnomo

nibas 3 , 5 , 7. 9, primum I 3 22
, tune porro I 3 (i . e 4) 5 t 9 7

16 9 5
2
, et sic porro

,
cf. Tiedem . Geist der Speculat. Pkilos. ,

pp . 107 , 108 .

R eliqua expedita sunt .

” S tob . E clog . ab . Heeren , lib . 1. p . 24, andnote.

The passage of Aristotle referred to is—o
'

npe
‘

iov 8
’

t h at ror
’
n
-ov rb avpfiai

‘

ror

i t ) ré
‘

w imam“ . r eprrwepévwr 7 &p ré
‘

w yewpd v rep! rotr italxwpfs 8d air

dM o kelyl
'

yveaOarrb el8os 8% fr. Phys.
,

iv. p . 12 .

Compare W ’

(or ; read ar
’

rfavdacra a or
’

m dAAorofirat, afar rb rerpd
'

ywrov

1réyoros reprreOéw
-
os 1355131111 y e

’

v, W ordrepor 83 088k 7 07 6 1171111. Cat . , X I V.
,

30, Arist. , ed. B ekker.

Hankelgivesa difierent explanation of the Opposition between the squareand
oblong
When thePythagoreans discovered the theory of the I rrational

,
andrecog

nisedits importance, it must, aswillbe at once admitted, appear most striking
that the oppositions

,
which present themselves so naturally, of R ationalandI rra

tionalhave no place in their table. Should they not be containedunderthe image
of square andrectangle, which , in theextraction of the square root, haveledpre

cisely to those ideas? ” Gesch ich tederMatkenratik
,
p . 110

,
note.

Hankelalso says Upon what the comparison of the odd with thelimited

may have been based, andwhetherupon the theory of the gnomons, can scarcely
bemadeout now .

” I bid. p . 109; note.

May not the gnomon be lookedon asfram ing , as it were, or limiting the

squares
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enable Pythagoras to arrive at his rule for finding right
angled triangles, which we are told sets out from the

odd numbers .
The two rules of Pythagoras andof Plato are given by

Proclus B ut there are delivered certain methods of

finding triangles of this kind [sc. right-angled triangles
whose sides can be expressed by numbers], one of which
they refer to Plato, but the other to Pythagoras, as origi
nating from odd numbers. For Pythagoras places a g iven
odd number as the lesserof the sides about the right angle,
andwhen he has taken the square con structed on it, and
dimin ished it by un ity , he places half the remainder as
the greater of the sides about the right angle ; and when
he has addedun ity to this, he gets the hypotenuse. Thus,
for example, when he has taken 3 , and has formed from it
a square number, and from this number 9 has taken un ity,
he takes the half of 8 , that is 4 , and to this again he,

adds
un ity, and makes 5 ; and thus obtains a right-angled tri

angle, having one of its sides of 3 , the other of 4 , and the
hypotenuse of 5 un its. B ut thePlaton ic methodoriginates
from even numbers . Forwhen he has taken a given even
number, he places it as one of the sides about the right
angle, andwhen he has divided this in to half, and squared
the half, by adding un ity to this square he gets the hypo
tenuse, but by subtracting un ity from the square he forms
the remain ing side about the right angle. Thus, for ex

ample, taking 4, and squaring its half, 2 , and thus getting
4, then subtracting 1, he gets 3 , and by adding 1 he gets
5 ; and he obtains the same triangle as by the former
method.

” It should be observed, however, that this is not
necessarily the case ; for example, we may obtain by the
method of Plato a triangle whose sides are 8 , 15 , and 17 ,

un its, which cannot be got by the Pythagorean method.

The n
“ square together with the n

“ gnomon is the
5 ’ Proclus

, ed. Friedlein , p . 428 . Hero, Geom . et ster. rel. , ed. R ultsch ,

PP 56 , 5 7
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of each of the partial triangles into which the original
right-angled triangle is brpken up by the perpendicular,
with the whole. That the proof in the Elemen ts is not the
way in which the theorem was discovered is indeed stated
directly by Proclus, who says

I fwe attend to thosewhowish to investigate antiquity.

we shall find them referring the present theorem to Pytha
goras, For my own part, I adm ire those who first
investigated the truth of this theorem : but I admire still
more the author of the Elements, because he has not on ly
secured it by eviden t demonstration , but because he te

duced it in to a more general theorem in his sixth book by
strict reason ing [Euclid, V I .,

The simplest and most natural way of arriving at
the theorem is the following, as suggested by B ret
schneider“7

A square can be dissected into the sum of two squares
andtwoequal rectangles, as in Euclid, II . , 4 ; these two rect
angles can , by drawing their diagonals

,
be decomposed

in to four equal right-angled triangles, the sum of the sides

of each being the side of the square : again ,
these four

right-angled triangles can be placed so that a vertex of

each shall be in one of the corners of the square in such a

way that a greater and less side are in con tinuation . The

original square is thus dissected in to the four triangles as

5° Proclus, ed. Friedlein, p . 426 .

B retsch .
,
Geom . vor E ukl. , p . 82 . This proof isold: seeCamerer, E uclz’dzlc

E Zement. , vol. p. 444, andreferencesgiven there.



B it/zagoras and iris Sckool. 3 7

before and the figure within , which is the squareon thehy
potenuse. This square then must beequal to thesum of the

squares on the sides of the right-angled triangle.

Hankel, in quoting this proof from B retschneider, says
that itmay be objected that it bears by no means a speci
fically Greek colouring, but reminds us of the Indian
method. This hypothesis as to the orien tal origin of the

theorem seems to me to be well founded. I would, how
ever, attribute the discovery to the Egyptians, inasmuch
as the theorem concerns the geometry of areas, and as the
method used is that of the dissection of figures, for which
the Egyptian s were famous, as we have already seen .

Moreover, the theorem concern ing the areas connected
with two lines and their sum (Euclid, II . , which adm its
also of arithmetical interpretation , was certainly within
their reach . The gnomon by which any square exceeds
another breaks

'

up naturally into a square and two equal
rectangles . I th ink also that the Egyptians knew that the
difference between the squares on two lines is equal to the
rectangle under their sum and difference—though they
would not have stated it in that abstract manner. The

two squares may be placed w ith a common vertex and

adjacen t sides coinciding in direction , so that their diffe
rence is a gnomon . This gnomon can , on account of the
equality of the two complements,“ be transformed into a
rectangle wh ich . can be constructed by producing the side
of the greater square so th at it shall be equal to itself, and
then we have the figure of Euclid, II . , 5 , or to the side of

the lesser square, in which case we have the figure of

Euclid, II . , 6 . IndeedI have little hesitation in attributing
to the Egyptians the con tents of the first ten propositions
of the second book of Euclid. I n the demonstrations of

5‘ This theorem (Euclid, I . , 43) B retschneider sayswas called the “
theorem of

the gnomon .

”
I donot know of any authority for thisstatement. I f thetheorem

were so called, theword gnomon was not used in it eitherasdefinedby Euclid
(I I . D ef . or in themoregeneralsignification in Hero (D ef .
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propositions 5 , 6 , 7 , and 8 , use is made of the gnomon , and
propositions 9 and 10 also can be proved sim ilarly without
the aidof Euclid, I ., 47 .

It iswell known that the Pythagoreans were much c c

cupiedwith the construction ofregularpolygons and solids,
which in their cosmology played an essential part as the
fundamental forms of the elements of the un iverse.

”

We can trace the origin of thesemathematical specula
tions in the theorem (c) that “

the plane around a poin t
is completely filled by six equilateral triangles or four
squares, or three regular hexagons, a theorem attributed
to the Pythagoreans, but which must have been known as
a fact to the Egyptians. Plato also makes the Pythago
rean Timaeus explain Each straigh t-linedfigure consists
of triangles, but all triangles can be dissected in to teetan

gular ones, which are either isosceles or scalene. Among
the latter the most beautiful is that out of the doubling of

which an equilateral arises, or in which the square of the

greater perpendicular is three times that of the smaller
, or

in which the smaller perpendicular is half the hypotenuse.

But two or four right-angled isosceles triangles, properly
put together, form the square ; two or six of the most
beautiful scaleneright-angledtriangles form the equilateral
triangle ; andout of these twofigures arise the solids which
correspond with the four elements of the real world, the
tetrahedron , octahedron , icosahedron , andthe cube.

”

ti9-I-I ankelsays it cannot be ascertainedwith precision how far thePythagoreans
hadpenetratedin to this theory, namely

,
whether the construction of the regular

pentagon and ordinate dodecahedron was known to them . Hankel, Gesch ickte
der Mathematik, p . 95 , note.

Plato, Tim , c . xx.
, 53 , D . , sg .

,
vol. VI L , ed. S tallbaum

,
p . 224, s“
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This dissection of figures into right-angled triangles
may be fairly referred to Pythagoras, and indeedmay have
been derived by h im from the Egyptians.

The construction of the regular solids is distinctly
ascribed'to Pythagoras himself by Eudemus, in the passage
in which he briefly states the principal services of Pytha
goras to geometry . Of the five regular solids, three—the
tetrahedron , the cube, and the octahedron—were certain ly
known to the Egyptians, andare to be found in their archi
tecture. There remain , then , the icosahedron and the

dodecahedron . Let us now examine what is required for
the construction of these two solids.

I n the formation of the tetrahedron , three, and in that
of the octahedron , four, equal equilateral triangles h ad
been placed with a common vertex and adjacent sides co
inciden t, and it was known , too, that if six such triangles
were placed round a common vertex with their adjacent
sides coincident, they wouldlie in a plane, andthat, there
fore, no solid couldbe formed in that manner from them .

It remained, then , to try whether five such equilateral tri
angles could be placed at a common vertex in like man
ner : on trial it would be found that they could be so
placed, and that their bases would form a regular penta

gon . T
i
re existence of a regular pentagon would thus be
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known . It was also known from the formation of the cube
that three squares could be placed in a sim ilar way with a
common vertex ; and that, further, if three equal and regu
lar hexagons were placed round a point as common vertex
with adjacent sides coincident, they would form a plane.

It remained, then , only to try whether three equal regular
pentagons could be placed with a common vertex, and in
a sim ilarway ; this on trial would be found possible, and
wouldlead to the construction of the regulardodecahedron ,

which was the regular solid last arrived at .“

Wesee, then , that the construction of the regularpenta

gon is required for the formation of each of these two

regular solids, and that therefore it must have been a dis
covery of Pythagoras . We have now to exam ine what
knowledge of geometry was required for the solution of

this problem.

I f any vertex of a regular pentagon be connected with
the two remote ones, an isosceles triangle will be formed
having each

'

of the base angles double the vertical angle.

The construction of the regular pentagon depends, there
fore, on the description of such a triangle (Euclid, I V .,

Now, if either base angle of such a triangle be bisected,
the isosceles triangle will be decomposed in to two trian
gles, which are evidently also both isosceles. It is also
eviden t that the one ofwhich the base of theproposed is a
side is equiangular with it . From a comparison of the

sides of these two triangles it w ill appear at once by the
second theorem , attributed above to Thales, that the prob
lem is reduced to cutting a straight line so that one seg

men t shall be a mean proportional between the whole line
and the other segment (Euclid, V I .

,
or so that the rect

angle under the whole line and one part shall be equal to
the square on theother part (Euclid, II .

, 1 To effect this,
let us suppose the square on the greater segment to be

0‘ The four elementshadbeen representedby the four other regular solids ; the
dodecahedron was then taken symbolically for the universe.
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constructedon one side of the line, and therectangle under
the whole line and the lesser segment on the other side.

It is evident that by adding to both the rectangle under
the whole line and the greater segmen t, the problem is
reduced to the following —To produce a given straight
line so that the rectangle under the whole line thus pro
duced and the part produced shall be equal to the square
on the given line, or, in the language of the ancients, to
apply to a given straight line a rectangle which shall be
equal to a given area—in this case the square on the given
line—and which shall be excessive by a square. Now it is
to be observed that the problem is solved in this manner
by Euclid (VI . , 30, rst method), and that we learn from
Eudemus that the problems concern ing the application of

areas and their excess anddefect are old, and inventions of
the Pythagorean s

02 I t may be objected that thisreasoning presupposes a knowledge, on the part
ofPythagoras, of themethodof geometricalanalysis, which was inventedbyPlato
more than a centurylater.

Wh ile admitting that it contains the germ of that method, I reply, in thefirst
place, that thismanner of reasoning was not only naturaland spontaneous, but
that in fact in the solution of problems there was no other way of proceeding .

And, to an ticipate a little, we shallsee
,
secondly, that the oldest fragmen t of

Greek geometry extant—that namely by Hippocrates of Chios—contains traces

of an analyticalmethod, and that, moreover, Proclus ascribes to Hippocrates,
who

,
it willappear, was taught by the Pythagoreans, the method of reduc tion

(tr ays-m) , a systematisation , as it seems to me, of the mannerof reasoning that
was spontaneous with Pythagoras. Proclus defines drawn !) to be

“
a transi

tion from one problem or theorem to another, which being known ordetermined,

the thing proposed is also plain . For example : when the duplication of the cube
is investigated, geometers reduce the question to another to wh ich this is

consequent, i .e. thefinding of two mean proportionals, andafterwards they inquire
how between two given straigh t lines two mean proportionals may be found.

But Hippocratesof Chios is reported to have been the first inventor of geome

tricalreduction (arrays who also squared the lune, and made many other
discoveries in geometry, and who was excelled by no geometer in his powers of
construction .

” — Proclus, ed. Friedlein
,
p . 2 12 , sq. Lastly

, we shallfind that the

passages in D iogenesLaertius andProclus, which are reliedon in support of the
statement that Plato invented this method

,
prove nothing more than that Plato

communicated it to Leodamasof Thasos. Formy part, I am convinced that the

gradualelaboration of this famousmethod—bywhich mathematicsrose above the
Elements—isdue to thePythagorean philosophers from the founder toTheodorus

of Cyrene spdArchytas of Taren tum , whowere Plato
’
smasters in mathematics.
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The statements, then , of I amblichus concern ing
.

Hip
pasus (i ) -that he divulged the sphere with the twelve
pen tagons ; and of Lucian and the scholiast on Aristo
phanes (j)—that the pentagram was used as a symbol of
recogn ition amongst the Pythagoreans, become of greater
importance. We learn , too, from I amblichus that the Py
thagoreansmadeuseof signs for that purpose.

“

Further, the discovery of irrational magn itudes is
ascribed to Pythagoras in the same passage of Bude

mus (m), and this discovery has been ever regarded as one
of the greatest of antiquity. It is commonly assumed that
Pythagoras was led to this theory from the consideration
of the isosceles right-angled triangle. It seems to me,
however, more probable that the discovery of incommen
surable magn itudes was rather owing to the problem—To
cut a line in extreme and mean ratio. From the solution
of th is problem it follows at once that, if on the greater
segmen t of a line, so cut, a part be taken equal to the less,
the greater segmen t, regarded as a new line, w ill be cut in

a similarmanner ; and this process can be con tinuedw ith
out end. On the otherhand, if a similarmethodbe adopted
in the caseof any two lines which are capableof numerical
represen tation , the process would end. Hencewould arise
the distinction between commensurable and incommensu
rable quan tities .

A reference to Euclid, X . , 2 , will show that the above
method is the one used to prove that two magn itudes are

incommensurable. And in Euclid, X . , 3 , it w ill be seen that
the greatest common measure of two commen surable mag
n itudes is found by this process of con tinued subtraction .

It seems probable that Pythagoras, to whom is attri
butedone of the rules for representing the sides of right
angled triangles in numbers, tried to find the sides of an
isosceles right-angled triangle numerically, and that, fail

I ambl Vit. Py th , c . cxxxiii. , p . 7 7 , ed. D idot .
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to a given rectangle, must be referred, I have no doubt, to
Pythagoras . The rectangle can be easily thrown into the
form of a gnomon , and then exhibited as the difi

'

erence

between two squares, and therefore as a square by mean s
of the law of the three squares .

Lastly, the solution of the problem to construct a

rectilineal figure which shall be equal to one and similar
to another given rectilineal figure is attributed by Plutarch
to Pythagoras. The solution of this prob lem depends on
the application of areas, and requires a knowledge of the
theorems z—that similarrectilineal figures are to each other
as the squares on their homologous sides ; that if three
lines be in geometrical proportion , the first is to the third
as the square on the first is to the square on the second
and also on the solution of the problem, to find a mean
proportional between two given straight lines . Now, we

shall see later that Hippocrates of Chios—who was in
structed in geometry by the Pythagoreans—must have
known these theorems and the solution of this problem .

We are justified, therefore, in ascribing this theorem also,
if not (with Plutarch) to Pythagoras, at least to his early
successors .

The theorem that similar polygon s are to each other in
the duplicate ratio of their homologous sides involves a
first sketch, at least, of the doctrine of proportion .

That we owe the foundation and development of the
doctrine of proportion to Pythagoras and his disciples is
confirmed by the testimony of N icomachus (n ) and I ambli
chus (o) and (p) .
From these passages it appears that theearly Py thago

reans were acquainted not only with the arithmetical and
geometrical means between two magn itudes, but also with
their harmonical mean , which was then calledfirevavrfa.

When two quan tities are compared, it may be con

sideredkozvmuck the one is greater than the other, what is
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their deference or it may be considered kow many times

the one is contained in the other, what is their quotient.
The former relation of the two quantities is called their
aritlzmeticalratio the latter theirgeometricalratio.

Let now three magn itudes, lines or numbers, a, 6, c, be
taken . I fa 6 6 c, the three magn itudes are in arithmeti

cal proportion ; but if a 6 6 c, they are in geometrical
proportion .

“ I n the lattercase, it follows at once, from the

second theorem of Thales (E uclid, V I . , that

a 6 6 c a 6 ;

whereas in the former case we have plainly

a 6 6 c a a.

This m ight have suggested the consideration of three
magn itudes, so taken that

a —6 z 6 -c a z c

three such magn itudes are in harmon ical proportion .

The probability of the correctness of this view is indi
cated by

' the consideration of the three later proportions

a : c : : 6—c : a—6 the con trary of the harmon ical ;
6 : c n 6 -c :a—6

a : 6 : 6 c a 6
the contrary of the geometrical .

The discovery of these proportions is attributed to Hip

pasus, Archytas
,
and Eudoxus .

“

0° I n lineswemayhave c a b, .or a 6 :a 6 . Thisparticular case, in which
the geometricaland arithmeticalratios both occur in the same proportion , is
worth noticing. Theline a is then the sum of the other twolines

,
and is said to

be cut in extreme andmean ratio. This section , aswe have seen, hasarisen out

of the construction of the regular pentagon , andwelearn from Kepler that it was
calledby themodems

, on ac count of itsmany wonderfulproperties, sectiodivina ,
etproportiodivina. He sees in it afine imageof generation , since theaddition to

theline of its greater part produces a new line cut similarly
,
and so on . See

Kepleri, Opera Omn ia
,
ed. Frisch , vol. v.

, pp . 90 and 18 7 (Harmon ia Mundi) ;
also vol. p . 377 (L iterae de R ebus Astrologz’c zlr). The pentagram might be

taken as the imageof allthis,
“

as each of its sidesandpart of a sideare cut in this
divineproportion .

°7 I ambl. in N ic. Arith . , pp. 142, 159, 163 . Seeabove, p . 4.
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We have seen also (p) that a knowledgeof these-called
most perfect or musical proportion , which comprehends in
it allthe former ratios, is attributed by I amblichus to Py
thagoras

a + 6 2a6
6

2 a + 6

We have also seen (q) that a knowledge of the doctrine
of arithmetical progression s is attributed to Pythagoras .
This much at least seems certain , that he was acquainted
w ith the summation of the natural numbers, the odd num

bers, and the even numbers, all of which are capable of

geometrical representation .

Montucla says that Pythagoras laid the foundation of

the doctrine of I soperimetry by proving that of allfigures
having the same perimeter the circle is the greatest, and
that of all solids having the same surface the sphere is the

greatest .
“

There is noevidence to support this assertion ,
though rt

is repeated by Chasles, Arneth, andothers it rests merely
on an erroneous in terpretation of the passage (s) in D ioge
nes Laertius, which says on ly that of all solidfigures the
sphere is the most beautiful ; and of allplane figures, the
circle.

” Pythagoras attributes perfection and beauty to
the sphere and circle on accoun t of their regularity and

un iform ity. That this is the true sign ification of the pas
sage is confirmedby Plato in theTimaeus,” when speaking
of the Pythagorean
We must also deny to Pythagoras and h is school a

knowledge of the con ic sections, and, in particular, of the
quadrature of the parabola, attributed to h im by some
03 Suivant Diogene, dontle texte est ici fort corrumpu, et probablemen t trans

pose, ilébaucha aussi la doctrinedes I sopérimetres, en démontrant quede toutes
lesfiguresdememe contour, parmi lesfigures planes, c'est le cerclequi estlaplus
grande, et parmi lessolides, la sphere.

” -Montucla, HistoiredesMathématiques,
thm . p . 113 .

69 Timaeus
, 33 , B .

, vol. vr1.
,
ed. S tallbaum, p. 129.

7 ° See B retschneider, Geom . vor E ukl. , pp . 89, 90.
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authors
, and we have already noticed the misconception

which gave rise to this erroneous conclusion

Let us now seewhat conclusions can be drawn from the

foregoing examination of the mathematicalwork of Pytha
goras andhis school, andthus form an estimateof the state
of geometry about 480 B . C.

First, then, as to matter
It forms the bulk of the first two books of Euclid, and

includes, further, a sketch of the doctrine of proportion
which was probably lim ited to commen surable magn i
tudes—together w ith some of the conten ts of the sixth
book. It con tains, too, the discovery of the irrational

(filo-you) , and the construction of the regular solids ; the
latter requiring the description of certain regular polygons
—the foundation , in fact, of the fourth book of Euclid.

The properties of the circle were not much known at
this period, as may be inferred from the fact that not one
remarkable theorem on this subject is mentioned ; andwe
shall see later that Hippocrates of Chios did not know
the theorem—that the angles in the same segmen t of a
circle are equal to each other. Though this be so, there is,
as we have seen ,

a tradition (t) that the problem of the

quadrature of the circle also engaged the attention of the

Pythagorean school—a problem which they probably de
rived from the Egyptians .”2

S econdly, as toform
ThePythagoreans first severedgeometry from theneeds

of practical life, and treated it as a liberal science, giving

7 1 See above, p . 25 , note 27 .

7 3 This problem is considered in the Papyrus R hind, pp, 97 , 98, 117 . The

point of view from wh ich it was regarded by the E gyptians was different from
that ofArchimedes. Whilst he made it to depend on the determination of the

ratio of the circumference to the diameter
, they sought tofind from the diameter

the side of a square whose area should be equalto that of the circle. Their

approximation wasas follows —Thediameter being dividedin tonineequalparts,
the side of the equivalent squarewas taken by them to consist of eight of those

parts.
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defin itions, and introducing the manner of proof which
has ever since been in use. Further, they distinguished
between discrete and continuous quantities, and regarded
geometry as a branch of mathematics , of which they made
the fourfold division that lasted to the Middle Ages—the

quadrivium (fourfoldway to knowledge) of B oetius and the
scholastic philosophy. And it may be observed, too, that
the name of mathematics, as well as that of philosophy, is
ascribed to them .

Thirdly, as to metkod
One chief characteristic of the mathematical work of

Pythagoras was the combination of arithmetic with geo
metry. Thenotions ofan equation anda proportion—which
are common to both, and con tain the first germ of algebra
-were, as we have seen , introduced amongst the Greeks
by Thales. These notions, especially the latter, were ela

borated by Pythagoras and h is school, so that they reached
the rank of a true scien tific method in their Theory ofPro
portion . To Pythagoras, then , is due the honourof having
supplied a method which is common to all branches of
mathematics, and in this respect he is fully comparable to
Descartes, to whom we owe the decisive combination of

algebra with geometry .

It is necessary to dwell on this at some length, as
modern writers are in the habit of looking on proportion
as a branch of arithmetic” -no doubt on accoun t of the
arithmetical poin t of view having finally prevailed in it
whereas for a long period it bore much more themarks of
its geometrical origin .

"

That proportion was not thus regarded by the ancien ts,
merely as a branch of arithmetic, is perfectly plain . We

73 B retschneider (Geom . varE ukl. , p . 74) andHankel(Gesch . derMath . , p . 104)
do so, although they are treating of the history of Greek geometry, which is
clearly a mistake.

7 ‘ On this seeA . Comte, PotitiquePositive, vol. ch . iv. , p . 300 .
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learn from Proclus that Eratosthenes looked on propor
tion as the bond (afivdwpov) of mathematics.“

We are told, too, in an anonymous scholium on the

Elements of Euclid, which Knoche attributes to Proclus,
that the fifth book, which treats of proportion , is common
to geometry, arithmetic, music, and, in a word, to all

mathematical science.

“

AndKepler, who lived near enough to the ancients to
reflect the spirit of their methods , says that one part of
geometry is concerned with the comparison of figures
and quantities, whence proportion arises unde proportio

He also adds that arithmetic and geometry
afford mutual aid to each other, and that they cannot be
separated.

"

And since Pythagoras they have never been separated.

On the con trary, the un ion between them , and indeed, be
tween the various branches of mathematics, first instituted
by Pythagoras and his school, has ever since become more
in timate and profound. We are plainly in presence of not
merely a great mathematician , but of a great philosopher.

It has been ever se—the greatest steps in the development
of mathematics have been made by philosophers.

Modern writers are surprised that Thales, and indeed
all the principal Greek philosophers prior to Pythagoras,
are named as his masters . They are suprised, too, at the
exten t of the travels attributed to h im . Yet there is no

7 5 Proclus
,
ed. Friedlein , p . 43 .

7“E uclidisElem . Graece ed. ab E . F. August, parsu., p . 328, Berolini , 1829.
D r. J

'

. H . Knoche, op. cit. , p . 10.

7 7 E t quidem geometrise theoreticae initio hujus tractatusduasfecimuspartes,
unam demagnitudinibus, quatenusfiunt figurae, alteram de comparationefigura
rum et quantitatum,

undeproportio existit.

Hae duac scientise, arithmetics et geometria speculativa, mutuas tradunt
Operas nec ab invicem separari possun t, quamvis et arithmetics sit principium
cognitionis.

” —Kepleri Opera Omn ia, ed. D r. h . Frisch , vol. v111. , p. 160,

Francofurti, 1870 .
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cause to wonder that he was believed by the ancien ts to
have had these philosophers as his teachers, and to have
extended his travels so widely in Greece, Egypt, and the
East, in search of knowledge

,
for—like the geometrical

figures on whose properties he loved to meditate—h is
philosophy was marry-sided, and had poin ts of con tact
with all these
He in troduced the knowledge of arithmetic from the

Phoen icians, and the doctrine of proportion from the

B abylon ians.
Like Moses, he was learned in all the wisdom of the

Egyptian s, and carried their geometry and philosophy
in to Greece.

He continued the work commenced by Thales in ab

stract science, and investedgeometry with the form which
it has preserved to the presen t day .

I n establishing the existence of the regular solids he
showedhis deductive power ; in investigating the elemen
tary laws of sound he proved his capacity for induction ;
and in combin ing arithmetic with geometry, and thereby
instituting the theory of proportion , he gave an instance of
his philosophic power.

These services, though great, do not form , however, the
chief title of this S age to the gratitude of mankind. He

resolved that the knowledge which he had acquired with
so great labour, and the doctrine which he had taken such
pains to elaborate, should not be lost ; and, as a husband
man selects good ground, and is careful to prepare it for
the reception of the seed, which he trusts will produce fruit
in due season , so Pythagoras devoted himself to theforma
tion of a society d’

élite, which wouldbefit for the reception
and transm ission of his science and philosophy ; and thus
became one of the chief benefactors of human ity, and

earned the gratitude of coun tless generations.
His disciples proved themselves worthy of their high

m ission . We have had already occasion to notice their
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— D emocritus.
—Hismathematicalwritings.

Problem of the D uplication of the Cube.
—R educed by Hippocrates to

thefinding of twoMean Proportionals between two Given S traight L ines.

Probable relation of th is problem to the Pythagorean Cosmology.—I ts
influence on the development of Geometry .—TheTrisection of an Angle.

The Quadratrix. Hippias of Elis. Method of E xhaustions erroneously
attributed toHippocrates.

—Probable origin of his discovery concerning the
Quadrature of the Lune.

—Though the principalGeometer of this period
,

the judgment of the ancients on him was not altogether favourable.

Suggestedexplanation of this.

THE first twen ty years of the fifth cen tury before the

Christian era was a periodof deep gloom anddespondency
throughout the Hellen ic world. The Ion ian s had revolted,
and were conquered for the third time ; this time, how

I n the I n troduction , note 1
,
I acknowledged my obligations to the works

of B retschneider andHankel I have again madeuse of them in the preparation
of this chapter. Since it was written, I have received from D r. Moritz Cantor,
of Heidelberg, the portion of his H istory of Mathematics which treats of the

Greeks (Vorlesungen fiber Gesch icktederMathematik, von Moritz Cantor, E rster

B and. Von den éiltesten Zeiten bis zum Jahre 1200 n . Chr. Leipz ig, 1880

(Teubner) To thelist of new editions of ancient mathematicalworks given

in the note referred to above, I have to add: TheonisSmymaei E xpositio rerun:

Mathematicarum adlegendum Platonem utilium . R ecensuit E duardus Hiller,
L ipsiae, 18 78 (Teubner) ; Pappi Alexandrini Collection is quae supersun t, &c .

instruxit F. Hultsch , vol. 111. , B erolini, 1878 (to the latter the editor has appen
dedan I ndex Graecitatis, avaluableaddition ; for, as heremarks, Mathematicam

Graecorum dictionem nemo adhuc in lexici formam redegit .
” Praefl, vol.
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ever, the conquest was complete and final : they were
overcome by sea as well as by land. Miletus, till then
the chief city of Hellas, and rival of Tyre and Carthage,
was taken and destroyed ; the Ph cenic ian fleet ruled the

sea, and the islands of the E gean became subject to
Persia . The fall of Ion ia, and the maritime supremacy of
the Phoen icians, involving the interruption of Greek com

merce, must have exercised a disastrous influence on the

cities of Magna Graecia.

l The even ts which occurred
there after the destruction of Sybaris are involved in great
obscurity . We are told

,
that some years after this even t

there was an uprising of the democracy—wh ich had been
repressed under the influence of the Pythagoreans—not

on ly in Crotona, but also in the other cities of Magna
Graec ia. The Pythagorean s were attacked, and their
Senate-houses (ovve

'

Spra) were burned ; the whole country
was thrown in to a state of confusion and anarchy ; the
Pythagorean B rotherhood was suppressed, and the chief
men in each city perished.

The Italic Greeks , as well as the Ion ians, ceased to
prosper.

Towards the end of this period Athens was in the

hands of the Persians, and S icily was threatened by the

Carthagin ian s . Then followed the g lorious struggle ; the
gloom was dispelled, the war which had been at first

tom . ArchimedisOpera omn ia cum commentarusE utoczz . E codiceFloren
tino recensuit, Latinevertit notisque illustravit J. L . Heiberg, D r. Phil. Vol. I .

,

L ipsiae, 1880 (Teubner) . S ince the above was in type, the following work has
been published An I n troduction totheAncien tandModern Geometry of Con ics
being a GeometricalTreatise on the Con ic S ections, witk a collection of Problems
andH istoricalN otes andProlegomena. B y CharlesTaylor, M .A .

,
Fellow of S t .

John ’
sCollege, Cambridge. Cambridge, 188 1. Thematter of the Prolegomena,

pp . xvii—lxxxviii, is histori cal.
1The names I on ian Sea

,
and I on ian I sles stillbear testimony to the inter

course between these cities and I onia. The wri ter of the article in Smith
’

s

D ictionary of Geography thinks that the name I onian Sea was derived from

I onians residing, in very early times, on thewest coast of the Peloponnesus. I s

it not more probable that it was so called from being the highway of the I onian
ships, just as, now-a-days, in a provincialtown wehave the London road?
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defensive became offensive, and the E gean sea was

clearedof Phoen icians and pirates. A solidbasis was thus
laid for the development of Greek commerce and for the

in terchange of Greek thought, and a brillian t period
followed—one of the most memorable in the history of

the world.

Athens now exercised a powerful attraction on all that
was eminent in Hellas, and became the cen tre of the

intellectual movemen t. Anaxagoras settled there, and

brough t with h im the Ion ic ph ilosophy, numbering Pericles
and Euripides amongst his pupils. Many of the dispersed
Pythagorean s no doubt found a refuge in that city, always
hospitable to strangers : subsequently the Eleatic ph iloso
phy was taught there by Parmen ides and Zeno . E m inen t
teachers flocked from all parts of Hellas to theAthens of
Pericles . Allwere welcome ; but the spirit of Athen ian
life required that there should be no secrets

, whether
confined to priestly families2 or to philosophic sects
everything should be made public.

I n th is city, then ,
geometry was first published ; and

with that publication , as we have seen , the name of Hip
pocrates of Chios is connected.

B efore proceeding, however, to give an account of the
work of Hippocrates of Chios, and the geometers of the
fifth century before the Christian era, we must take a
cursory glance at the contemporaneous philosophical
movemen t. Proclus makes no men tion of any of the

philosophers of the Eleatic S chool in the summary of the
history of geometry which he has handed down—they
seem , indeed, not to have made any addition to geometry
or astronomy, but rather to have affected a con tempt for
both these sciences—and most writers3 on the history of

2 E .g . theAsclepiadae. SeeCurtius, History of Greece, E ng] . transl. , vol. 11.

p . 5 10 .

3 N ot so Hankel, whose views as to the influence of the Eleatic philosophy
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mathematics either take no noticewhatever of that S chool,
or merely refer to it as outside their province. Yet the

visit of Parmen ides and Zeno to Athens (circ. 450

the invention of dialectics by Zeno, and his famous polemic
again st multiplicity and motion , not on ly exercised an

importan t influence on the developmen t of geometry at
that time, but, further, had a lasting effect on its sub

sequen t progress in respect of method.

‘

Zeno argued that neither multiplicity nor motion is
possible, because these notions lead to contradictory con

sequen ces. I n orderto prove a con tradiction in the idea of
motion , Zeno argues: B efore a moving body can arrive at
its destination it must have arrived at the m iddle of its
path ; before getting there it must have accomplished the
half of that distance, and so on ad infin itum : in short,
every body, in order to move from one place to another,
must pass through an infin ite number of spaces, which is
impossible.

”
S im ilarly he argued that Achilles cannot

overtake the tortoise, if the latter has got any start,
because in order to overtake it he would be obliged first
to reach every one of the infin itely many places which the

tortoise had previously occupied. I n like manner, The

flying arrow is always at rest ; for it is at each momen t
on ly in one place.

”

Zeno applied a sim ilar argumen t to show that the

notion of multiplicity involves a contradiction .

‘ I f the

man ifold exists, it must be at the same time infin itely
small and infin itely great—the former, because its last

I have adopted. See a fine chapter of his Gesch . der Mat/i .
, pp. 115 sq.

,

from which much of what follows is taken .

This influence is noticed by Clairaut, Elémens de Géome'trie, Pref. p. x,

Paris
,
1741 Qu

’ E uclide se donne la peine de démontrer, que deux cercles

qui se coupent n
’
ont pas lememe centre, qu

’
un triangle renfermé dansun autre

a la somme de ses cotés plus petiteque celledes cotésdu triangle danslequelil
est renfermé ; on n

’
en sera pas surpris. Ce Geometre avoit a convaincre des

Sophistesobstinés, qui se faisoient gloirede se refuser aux véritéslespluseviden
tes ilfalloit donc qu

’

alors la Géométrie eflt, commela Logique, losecoursdes

raisonnemensen forme, pour fermerla boucheala chicanne.

”
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divisions arewithout magn itude the latter, on account of
the infin ite number of these divisions .’ Zeno seems to
have been unable to see that if xy-a, x andy may both
vary, and that the number of parts taken may make up for
theirm inuteness.
Subsequently the Atom ists endeavoured to recon cile

the notions of un ity and multiplicity ; stab ility and mo

tion ; permanence and change ; being and becoming -ln
short, the Eleatic and Ion ic philosophy. The atom ic
philosophy was founded by Leucippus and Democritus ;
and we are toldby Diogenes Laertius that Leucippus was
a pupil of Zeno : the filiation of this philosophy to the

Eleatic can , however, be seen independently of this state
ment. I n accordance w ith the atomic philosophy mag

n itudes were considered to be composed of indivisible
elements (drdpor) in fin ite numbers ; andindeedAristotle
who, a cen tury later, wrote a treatise on I ndivisible L ines

(r cpt brdpwv in order to show their mathematical
and logical impossibility—tell us that Zeno’s disputation
was taken as compelling such a view.

“ We shall see, too,
that, in Antiphon ’s attempt to square the circle, it is
assumed that straight and curved lines are ultimately
reducible to the same indivisible elements .o

In superable difliculties were found, however, in this
conception ; for no matter how far we proceed with the

division , the distinction between the straight and curved
still exists. A like difliculty had been already met sw ith
in the case of straight lines themselves, for the incommen
surab ility of certain lines had been established by the

Pythagoreans . The diagonal of a square, for example,
cannot bemade up of submultiples of the side, no matter
how m inute these submultiples may be. It is possible
that Democritus may have attempted to get over this didi

Arist . , D e insecab. lincir, p . ed. Bekker.

V id. Bretsch . , Geom . vor E ukl. , p . 101, et infra, p . 66 .
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culty, and reconcile incommensurability with his atomic
theory ; for we are told by Diogenes Laertius that he
wrote on incommensurable lines and solids (t eplJIM-yaw
191171v real

The early Greek mathematicians, troubled no doubt by
these paradoxes of Zeno, and finding the progress of

mathematics impeded by their being made a subject of
dialectics, seem to have avoided all these difi culties by
ban ishing from their science the idea of the I nfin ite—the
infin itely small as well as the infin itely great (vid. Euclid,
B ook V ., D ef. They laid down as axioms that any
quan tity may bedividedadlibitum andthat, if two spaces
are unequal, it is possible to add their difl

'

erence to itself so
often that every fin ite space can be surpassed.

’ Accord
ing to this V iew, there can be no infinitely small difference
which being multipliedwould never exceed a fin ite space.

H I PPOCR ATE S ofChios, whomust bedistinguishedfrom
his con temporary and namesake, the great physician of

Cos
, was originally a merchant. Allthat we know of h im

is con tained in the following brief notices

(a). Plutarch tell us that Thales, and Hippocrates the
m athematician , are said to have applied themselves to
commerce.

“

Aristotle reports of h im It is well known that
persons, stupid in one respect, a re by no means so in
others (there is nothing strange in this : so Hippocrates ,
though skilled in geometry, appears to have been in other
respects weak and stupid ; and he lost, as they say,
through his simplicity, a large sum of money by the fraud
of the collectors of customs at B yz antium (bub rev ivBvZav

rirp n svrnxoc rokdywvn.

”

7 D iog. Laert. , 1x. vrr. , 47, ed. Gobet, p . 239.

9 Archim . ,
dequadr.parab. ,

p . 18
,
ed. Torelli.

9 Vit. Solon is, 11.

1° Arist . , E th . adE ud.
,
vrr. ,

c . xiv. ,
p . 12475 15 , ed. B ekker.
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(c). Johannes Ph iloponus, on theotherhand, relates that
Hippocrates of Chios

,
a merchan t

,
having fallen in with a

pirate vessel, and having lost everything, wen t to Athens
to prosecute the pirates, and staying there a long time on
accoun t of the prosecution , frequented the schools of the
philosophers, and arrived at such a degree of skill in
geometry, that he endeavoured to find the quadrature of

the circle.

"

(d) . We learn from Eudemus that ( Enopides of Chios
was somewhat jun ior to Anaxagoras, and that after these
Hippocrates of Chios, who first foundthe quadratureof the
lune, andTheodorus ofCyrene, becamefamous in geometry ;
and that Hippocrates was the first writer of Elements .

"

(e). He also taught, for Aristotle says that his pupils,
and those of his disciple I E schylus, expressed them
selves concern ing comets in a similar way to the Pytha
goreans.

“

(f ). He is also men tioned by I amblichus, along w ith
Theodorus of Cyrene, as having divulged the geometrical
arcana of the Pythagoreans, and thereby having caused
mathematics to advance (irridwxe 33 rdpaflr

'

mara, in cliEevnvi

Xanadu 810002upoaydvrr, pdkwra Grddwpdc re 6 Kvpnva
'

ioc, real
'

lrr1rorcpdrnc 6

(g). I amblichus goes on to say th at the Pythagoreans
allege that geometry was made public thus : one of the

Pyth agoreans lost his property ; and he was, on accoun t
of his m isfortune, allowed to make money by teaching
geometry .

“

(h ) . Proclus, in a passage quoted supra (p. 4 1, note
ascribes to Hippocrates the method of reduction

Proclus defines drraywyr
'

z to be a transi

‘1Philoponus, Comm . in Arist.phys. ausc . ,
f. 13 . Brand. , Schol. in Arist. ,

P 44
Proclus, ed. Friedlein , p . 66 .

‘3 Arist . ,
Meteor. , vi . , p . 35 , ed. B ekker.

1‘ I ambl. deph ilos. Py thag . lib . 111. V illoison, Anecdota Graeca, p . 216 .

15 I bid. also I ambl. , Vr
‘

t. Py th .

,
Cap. xv111.

,
89.
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On the passage (f quoted above, from I amblichus, is
based the statemen t of Montucla, wh ich has been repeated
since by recent writers on the h istory of mathematics,’0

that Hippocrates was expelled from a school of Pytha
goreans forhaving taught geometry for money .

There is noevidence whatever for this statement, which
is, indeed, inconsistent with the passage (g ) of I amblichus
which follows . Further, it is even possible that the person
alluded to in (g ) as having been allowed to make money
by teaching geometry may have been Hippocrates h im
self ; for

1. He learnedfrom the Pythagoreans
2 . He lost his property through m isfortune

3 . He made geometry public, not only by teaching,
but also by being the first writer of the Elements.

This m isapprehension originated, I think, with Fabri
cius, who says : D eHippasoMetapon tino adscribam adhuc

locum I amblich i elibro tertio de Ph ilosophia Pythagorica
Greece necdum edito, p . 64, ex versioneN ic . S cutellii :H ip

pasas (videtur legendum Hipparchus) ejicitur aPy thagorae
schola eo

, quadprimus sphaeram duodecim angulorum (D ode
caedron ) edidisset (adeoque arcanum hoc evulgasset), Thea
dorus etiam CyrenaeusetH ippocratesChiusGeometra of ician
tur qui ex geometriaquaestumfactitaban t. ConferV it . Pyth . ,

cap. 34

I n this passage Fabric ius, who, however, had access to

2° B retsch . , Geom . vor E ukl. , p. 93 Hoefer, H zlstoire des Math
,
p . 13 5 .

Since theabovewaswritten , this statement hasbeen reiteratedby Cantor, Gesch .

derMath .
,
p . 172 ; andby C . Taylor

,
Geometry of Con ics, Prolegomena, p . xxviii.

21Montucla, H istoire des Math , tom . p . 144, 1re ed. 1758 ; tom . p.
152, nouv. ed. an vii . the statement is repeated in p . 15 5 of this edition , and

S implicius is given as the authority for it . I amblichus is, however, referred to

by laterwriters asthe authority for it.
2” Jo. Alberti Fabricii B ibliotheca Graeca, ed. Harles, 1. p . 848 , Hamburgi,
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a manuscript only, falls in to several mistakes, as will be
seen by comparing it with the original, which I give
here

Hepi 8
' ‘

I m ra
'

xrovAe
’

yow w ,
159 i n air raw I I va opefwv, 811i 83 rd

e
’

fcveyxeiv, Kai 7 716411100111. 1rp1
'

bros apaipav, rip! beraw81680111 35117 16v

drrdkorro Kurd0111117 7 1111, dis doefirjo'

as, 8651111 83Adflot,
dis sir/at 82 1ra

'

.vra éxet
'

vov roii dv8pds
’

npooayopaiovo
'

t ydp obrw rbv

Hvaaydpav, of: xaAoi
'

xn v 611671417 1. e
’

rre
'

8wxe 83 rdM arinara, 61rd

c
’

fcvnve
'

XO
'

qoav810
-
0 02rrpoaydvre, paiMo

'

ra ®e68wpds re 8 Kvpnvaios, Kai
¢

I rwronpai
-me b X ios. Aéyovov. 8c oi I I va operor c

’

femvéa t yewprcrptav

ovrws
' drrofiahcw rtva r

-ijv ova-(av row I lvflayopecwv ms 82 rovr irn i

xnoe, 80017110 1. aim? ” quarto
-
11000 1. drro ycwpcrptas

‘

e
’

xahetro 8e
'

n

yewpcrpia upbs 111)a d i0'

rop1fa .

23

Observe that Fabricius, m istaking the sense, says that
Hippasus, too, was expelled. Hippocrates may have been
expelled by a S chool of Pythagoreans with whom he had

been associated ; but, if so, it was not for teaching geo
metry for money, but for taking to himself the credit of
Pythagorean discoveries—a thing of which we have seen
the Pythagoreans were most jealous, andwhich they even
lookedon as impious (beefifiaaflfi‘

AsAnaxagoras was born 499 B . C .
,
and as Plato, after

the death of S ocrates 399 B . C . , wen t to Cyrene to hear
Theodorus (d), the lifetime of Hippocrates falls w ith in the

fifth century before Christ. As, moreover, there could not

have been much commerce in the [E gean during the first
quarter of the fifth cen tury, and, further, as the statemen ts
of Aristotle andPh iloponus and (c)] fall in betterw ith
the state of affairs during the A then ian supremacy—even
though we do not accept the suggestion of B retschneider,

”3 I ambl., deph ilos. Py th .,
lib . 111. V illoison , Anecdota 216 .

With the exception of the sentence concerning Hippocrates, the passage, with
somemodifications, occursalso in I ambl. , Vi t . Py th . , Cap. xvr11. , 88 , 89 .

2‘ Seep 43



6 2 Greek Geometry from Thales toEuclid.

made with the view of reconciling these inconsistent
statemen ts, that the ship of Hippocrates was taken by
Athen ian pirates” during the S amian war (440 in

which B yz antium took part—we may conclude with cer

tain ty that Hippocrates did not take up geometry un til
after 450 B . C . We have good reason to believe that at
th at time there were Pythagoreans settled at Athens.

Hippocrates, then , was probably somewhat sen ior to
S ocrates, who was a contemporary of Philolaus and D e
mocritus.

Theparalogisms ofHippocrates , Antiphon ,
andB ryson ,

in their attempts to square the circle, are referred to and
contrasted w ith one another in several passages of Aris
totle" I and of his commen tators—Themistius,” Jo . Ph i

10ponus,” and S implicius . S implicius has preserved in
his Commen tary on thePhysics of Aristotle a pretty full and
partly literal extract from the H istory of Geometry of

Eudemus, which contains an accoun t of the work of Hip

pocrates and others in relation to th is problem . The

greater part of this extract had been almost en tirely over
locked by writers on the history of Mathematics, until
B retschneider” republished the Greek text, having care
fully revised and emended it. He also supplied the neces
sary diagrams

,
some of which were wan ting, and added

explanatory and critical notes . This extract is in teresting
and importan t, and B retschneider is en titled to much
credit for the pains he has taken to make it in telligible
and better known .

“5 Bretsch . , Geom . vor E ukl. , p. 98 .

26 D eSoph ist. E lench .
,
11 pp . 17 1b, and 172, ed. Bekker ; Phys. Ausc . , u. ,

p . 14, ed. B ekker.
2" Themist., f. 16 , Schol. in Arist. , Brand. ,

p . 3275 , 33. I bid. , f. 5 , Schol. ,
p . z rrb, 19.

33 Jo. Philop. f. 25 b , Schol. , Brand. p. 2 115
, 30 . I bid.

,
f. 118, Schol. ,

p. 211b
, 41. I bid. ,

f. 26 b , S chol. , p . 16 .

2° Bretsch . , Geom. vor E ukl. , pp . 100-121. [Simplicrr in ArirtotélisPhysica
rum librosquattuorpriores Commentario, ed. HermannusD iels

,
pp . 54
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It is much to be regretted, however, that S implicius
did not merely transm it verbatim what Eudemus related,
and thus faithfully preserve this oldest fragmen t of Greek
geometry, but added demonstrations of his own , g iving
references to the Elements of Euclid, who lived a century
and a-half later than Hippocrates . S implicius says : I
shall now put down literally what Eudemus relates, adding
on ly a short explanation by referring to Euclid’s Elemen ts ,
on account of the summary manner of Eudemus, who,

according to archaic custom ,
gives on ly concise proofs .”

And in another place he tells us that E udemuspassedover
the squaring of a certain lune as evident—indeed, Eudemus
was right in doing so—and supplies a lengthy demonstra
tion himself.

B retschneider and Hankel , overlooking thesepassages,
anddisregarding the frequen t references to the Elements
of Euclid which occur in th is extract, have drawn con

elusions as to the state of geometry at the time of Hip

pocrates which, in my judgmen t, cannot be sustained.

B retschneider notices the great circumstantiality of the

construction , and the long-windedness and the over-ela
boration of the proofs .

32 Hankel expresses surprise at the
fact that this oldest fragment of Greek geometry— 150

years older than Euclid
’s Elemen ts—already bears th at

character, typically fixed by the latter, which is so peculiar
to the geometry of the Greeks .

”3

Fancy a naturalist finding a fragment of the skeleton
of some an imal which had become extinct but of which
there were living represen tatives in a higher state of

development ; and fan cy h im improving the portion of

the skeleton in his hands by making additions to it, so

3° B retsch .
, Geom . vor Eukl. , p . 109.

31 I bid. , p . 113 .

32 I bid. ,
pp . 130, 131.

33 Hankel, Gesek. derMath , p . 112 .
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that it m ight be more like the skeleton of the living
an imal ; then fancy other naturalists examining the im

proved fragmen t with so little attention as to exclaim
Dear me ! how strange it is that the two should be so

perfectly alike!
There is, moreover, much clumsiness, and a wan t of

perspicuity, in the arrangement of the demonstration s
the construction not being clearly stated, but being m ixed
up with the proof : the proofs, too, which in several
instances are plain ly supplied by S implicius—inasmuch
as prepositions of Euclid’s Elements are quoted—are

unskilful and wearisome on accoun t of the laboured de

monstrations of evident theorems, which are repeated
several times under differen t forms : while, on the other
hand, some statemen ts and constructions which stand
more in need of explanation are passed over without
remark. The conclusion is thus forced on us that S impli
cius wasbut a poor geometer ; andwe h avegreaterreason ,
therefore, to regret that he was not con ten t w ith transm it
ting thework of Eudemus unaltered.

I shall attempt now to restore this fragment by remov

ing from it everything that seems to me not to be thework
of Eudemus, and all reference to Euclid

’s Elemen ts ; and
by stating briefly, but at the same t ime clearly and in

order, the several steps of each demonstration . I shall
also notice the theorems wh ich are made use of, and the

problems whose solution is assumed in it

Thedifference between false conclusions that can be
proved to be such , and others which cannot, he [Aristotle]
shows by some false reason ings in geometry .

“ Amongst
the many persons who have sought the squaring of the

circle (that is, to find a square which shall be equal to a
circle), both An tiphon and Hippocrates believed that they

3‘
1Pev8o'ypdtpmta, literally a misdelineation, a false reasoning founded on a

faulty diagram.
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had found it, and were equally mistaken . Antiphon ’s
m istake, on account of his not having started from geo

metrical principles, as we shall see, cannot be disproved
geometrically . That of Hippocrates, on the other hand,
since he was deceived although he clung to geometrical
principles, can be disproved geometrically. Forwe must
analyse and exam ine those reason ings only which, pre
serving the acknowledged principles of the science, lead
thus to further conclusions ; but there is no use in

exam in ing those in which these principles are set aside.

’

‘An tiphon ,
h aving drawn a circle, inscribed in it one

of those polygons” that can be inscribed : let it be a
square. Then he bisected each side of this square, and

through the points of section drew straight lines at righ t
angles to them , producing them to meet the circumference;
these lines eviden tly bisect the corresponding segmen ts of
the circle. He then joined the new points of section to the
ends of the sides of the square, so that four triangles were
formed, and the whole inscribed figurebecame an octagon .

And again , in the same way , he bisected each of the sides
of the octagon , and drew from the points of bisection

35 I n Greek mathematicalwriters, rerpd‘

ywvov, as far as I know, alwaysmeans
a square. I n this oldest geometricalwriting, 6547 11111011, bxrd'ywvor, and1 07167 0

ror denote regular hexagon , oc tagon , andpolygon . This is not the case in the

Elemen tsof E uclid, whowrites, e. g .
,
t ew dyurovia6rAevpdr reand21707 16111011, 81C.

I n Pappus, however, these words, though sometimes used generally, for the
most part denote regular figures. The Greeks could do this

,
for they had the

words rerpdrkevpor, f errets
-Asap” , &c . , forquadrilateral, pentagon , 810.

F
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perpendiculars ; he then joined the poin ts where these
perpendiculars met the circumference with the extrem ities
of the octagon , and thus formed an inscribed figure of

sixteen sides. Again , in the same manner, bisecting the
sides of the inscribed polygon of sixteen sides, and

drawing straight lines, he formed a polygon of twice as
many sides ; and doing the same again and again , until
he had exhausted the surface

,
he concluded that in this

manner a polygon would be inscribed in the circle, the
sides of which, on accoun t of their minuteness , would
coincidewith the circumference of the circle. B ut we'

can

substitute for each polygon a square of equal surface
therefore we can , since the surface coincides w ith the

circle
,
construct a square equal to a circle.

’

On this S implicius observes : ‘
the conclusion here is

man ifestly contrary to geometrical principles, not, as
Alexandermaintains, because the geometer supposes as a
principle that a circle can touch a straight line in one

point only, andAntiphon sets this aside ; for thegeometer
does not suppose this, but proves it. It wouldbe better to
say that it is a principle that a straight line cannot coin
cidew ith a circumference, for onewithout meets the circle
in one point only, one with in in two points, and not more,
and the meeting takes place in single points . Yet

,
by

continually bisecting the space between the chord and the

arc , it will never be exhausted, nor shall we ever reach the
circumference of the circle, even though the cutting should
be continuedad infin itum if we did, a geometricalprin
c iple wouldbe set aside, which lays down that magn itudes
are divisible ad infin itum. And Eudemus

, too, says that
this principle has been set aside by Antiphon .

"

B ut the squaring of the circle by means of segments,
he [Aristotle” ] says, may be disproved geometrically ; he

3‘ But Eudemuswas a pupilofAristotle, andAntiphon wasa contemporary
of D emocri tus.

3 7 Phys. Ausc. ii. , p . 1851, 16 , ed. B ekker.
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is, therefore, equal to the four sem icircles—that on 1116 ,

together with the three semicircles on the sides of the
hexagon. Take away from the sem icircles on the sides of
the hexagon , and from that on 7 3, the common segments
contained by the sides of the hexagon and the periphery of
the semicircle 7 8 ; the remain ing lunes 7 118 , and

together with the semicircle on afi, will be equal to the
trapez ium 11, at , Z8. I f we now take away from the

trapez ium the excess, that is a surface equalto the lunes
(for it has been shown that there exists a rectilineal figure

equal to a lune), we shall obtain a remainder equal to
the sem icircle afi; we double this rectilineal figure which
remains, and construct a square equal to it. That square
will be equal to the circle of which 113 is thediameter, and
thus the circle has been squared.

The treatment of the problem is indeed ingen ious ; but
thewrong conclusion arises from assum ing that as demon
strated generally which is not so ; for not every lune has
been shown to be squared, but only that which stands over
the side of the square inscribed in the circle ; but the lunes
in question stand over the sides of the inscribed hexagon .

The above proof, therefore, which pretends to have squared
the circle by means of lunes, is defective, and not conclu
sive, on accoun t of the false-drawn figure (devSoypéepm‘a)
which occurs in its“8

39 I attribute the above observation on the proof to Eudemus. What follows
in S implicius seems to me not to be his. I have, therefore, omitted the re

maindarof 83 , and 84, 85 , pp. 105—109, B retsch .

,
Geom. vor E ukl.
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Eudemus,
” however, tells usin his H istoryqf Geometry ,

that Hippocrates demonstrated the quadratureof the lune,
not merely the lune on the side of the square, but gene
rally, if one m ight say so : if, namely, the exterior arc of

the lune beequal to a sem icircle, or greateror less than it.
I shall now put down literally (rm-aMini)“ what Eudemus
relates, adding only a short explanation by referring to

Euclid’s Elemen ts, on accoun t of the summary manner of
Eudemus, who, according to archaic custom, gives concise
proofs .

I n the second book of his History of Geometry ,
Eudemus says

The squaring of lunes seem ing to relate to an uncom
mon class of figures was, on accoun t of their relation
to the circle, first treated of by Hippocrates, and was

rightly viewed in that connection . We may , therefore,
more fully touch upon and discuss them . He started
with and laid down as the first thing useful for them, that
sim ilar segments of circles have the same ratio as the

squares on their bases. This he proved by showing that
circles have the same ratio as the squares on their dia
meters. N ow, as circles are to each other, so are also
sim ilar segments ; but similar segments are those which
contain the same part of their respectivecircles, as a sem i
circle to a sem icircle, the thirdpart of a circle to the third
part of another circle.

‘1 For which reason
,
also

,
similar

segmen ts contain equal angles. The latterare in all sem i
circles right, in larger segmen ts less than right angles,
and so much less as the segments are larger than sem i
c ircles and in smaller segments they are larger than

39 B retsch . , Geom . var. E ukl., p . 109.

‘0 S implicius did not adhere to his intention
, or else some transcriber has

added to the text.
4‘ Here 171537111 seems to beusedfor sector : indeed, wehave seen above that

alunewas also called rail/1a. Theword ropebs, sector, may have been of later
origin . The poverty of the Greek language in respect of geometricaltermshas

been frequently noticed. Forexample, they hadnowordforradius, andinstead
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right angles, and so much larger as the segments are

smaller than sem icircles. Having first shown this, he
described a lune which had a semicircle for boundary, .

by circumscribing a sem icirc le about a right-angled isos
celes triangle, and describing on the hypotenuse a seg

ment of a circle similar to th ose cut off by the side‘s . The

segmen t over the hypotenuse then being equal to the sum

of those on the two other sides, if the common part of the
triangle which lies over the segment on the base be added

to both , the lunewill be equal to the triangle. S ince the
lune, then , has been shown to be equal to a triangle, it can
be squared. Thus

,
then ,

Hippocrates, by taking for the
exterior arc of the lune that of a semicircle, readily squares
the tune.

“ Hippocrates next proceeds to square a lune whose
exterior arc is greater than a sem icircle. I n order to do
so, he constructs a trapez ium“ having three sides equal to
each other, and the fourth—the greater of t he two parallel
sides—such that the square on it is equal to three times

used the periphrasis to: f oilxéw pov. Again, Archimedes nowhere uses the

word parabola ; and as to the imperfect terminology of the geometers of this

period, we have thedirect statement ofAristotle, who says g ml7 5 Sn

h im “, 5 hptOpolxalfiyou‘malRd 5 c repedoral5 xpdvot, how
-
op ( Bellow-ré t ore

xwplr, £r8ex6nev6' 7 c xa'rd t dw aw m6 i roaelget Getxofin u
‘ b ath 8rd rb pi; elven

tiwoyao
'

pévov rt mixers rafi'ra apwpolMum xplfvos « raped, nal£16“ 8m¢£pew

M idwa y , xwpls JAad ve'ro. viiv Gk kaMAou Selin a-raw oi: yap i wrappedflfi
tipwpolM pxev, GN U i 1081, 3 1:0.“o {warmer-rat th 'dpxem

—Aristot ,
Anal. ,

post , L ,
v. ,
p . 17 , ed. Bekker. This passage isinteresting in anotherrespec t

also, as it contains the germ of Algebra.

‘2 Trapez ia, like this, cut 06 from an isosceles triangle by a line parallelto
the base, occur in thePapyrus R h ind.
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that on any other side ; he c ircumscribes a circle about the
trapez ium ,

andon its greatest side describes a segment of
a c ircle similar to those cut off from the circle by the three
equal sides ." B y drawing a diagonal of the trapez ium, it

w illbe man ifest that the section in question is greater
than a semicircle

,
for the square on this straight line sub

tending two equal sides of the trapez ium must be greater

than twice the square on either of them , or than double
the square on the third equal side : the square on the

greatest side of the trapez ium , which is equal to three
times the square on any one of the other sides, is therefore
less than the square on the diagonal andthe square on the

third equal side. Consequen tly, the angle subtended by
the greatest side of the trapez ium is acute, and the seg

men t which con tains it is, therefore, greater than a sem i
circle : but this is the exterior boundary of the lune.

S implicius tells us that Eudemus passed over the squaring

43 Then followsaproof, which I have omitted, that the circle can be circum

scribed about the trapez ium . This proof is obviously suppliedby Simplicius, as
is indicated by the change of person from th orium : to Batters, aswellasby the
reference to Euclid, I . 9 . A few lines lower there is a gap in the text, as

B retschneider has observed; but the gap occurs in thework of S implicius
,
and

not of Eudemus as B retschneider haserroneously supposed—Geom . var E ukl.
,

p . I I I
,
andnote
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of this lune, he supposes, because it was evident, and he
supplies it himself.
Further, Hippocrates shows that a lune w ith an ex

terior are less than a. semicircle can be squared, and gives
the following construction for the description of such a
lune :

Let 413 be thediameterof a circlewhose centre is x ; let
7 8 cut Be in the poin t of bisection 7 , and at right angles ;
through 3 draw the straight lineBZe, so that the part of it,
Zr, intercepted between the line 7 8 and the circle shall be
such that two squares on it shall be equal to three squares
on the radius Bx join act, and produce it to meet the
straight line drawn through 5. parallel to fix, and let them
meet at 11 join er, [in (these lineswill be equal) describe
then a circle round the trapez ium Baum also, circumscribe
a circle about the triangle eZn. Let the cen tres of these
circles beAandurespectively.

Now, the segments of the latter c ircleon at andZn are

similar to each other, and to each of the segments of the

‘4 B retsch .
, Geom . var E ukl.

,
p . 113 , 88 . I have omitted it, asnot being

the work of Eudemus.

‘5 Thewhole construction , as B retschneider has remarked, is quite obscure
anddefective. Themain point on which the construction turns is thedetermina
tion of the straight linefife, and this isnowhere given in the text . Thedetermi

nation of thisline, however, can be inferredfrom the statement in p . 114, Geom .

w r E ukl. , that
‘ it is assumed that the line cf inclines towards B and the

further statement, in p . 117 , that ‘ it isassumed that the square on e"isonceand
a-half the squareon the radius.

’ I n order to make the investigation intelligible,
I have commencedby stating how thislinefife is to be drawn. I have, asusual,

omitted theproofsof Simplicius.
B retschneider, p . 114, notices the archaic manner in which lines and points

aredenotedi n this investigation—r) [meta] {o
’

fiAB , f l»[emulsion] Io
’
ohK—and

infers from it that Eudemus is quoting the very words of Hippocrates. I have

found thisobservation usefulin aiding me to separate the additionsof Simplicius
from thework of Eudemus. The inference of B retschneider, however, cannot I

think he sustained, for the samemannerof expression is to be found in Aristotle.

‘0 Thelength of the line cf can be determined by means of the theorem of

Pythagoras (E uclid, I . coupled with the theorem of Thales (Euclid,
Then

,
produce theline cf thus determinedso that the rec tangleunder the

wholeline thus producedand the part produced shallbe equalto the squareon

theradius ; or, in archaic language, apply to theline cfarectanglewhich shallbe
equalto the square on the radius

,
and wh ich shallbe excessive by a square—a

Pythagorean problem,
asEudemus tellsus. (See pp . 24, I f the calculation
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former circle on the equal straight lines ex, 43, Ba and,

since twice the square on at is equal to three times the

square on ( B, the sum of the two segments on at, andby is

equal to the sum of the three segments on err, 43, fin ; to
each of these equals add the figure bounded by the

straight lines ex, 43, B" : and the arc "Zr, and we shall
have the lune whose exterior arc is akin equal to the

be made by this method, or by the solution of a quadratic equation, we find
1

we 2)
B retschneidermakessomeslip, andgives

ere-x)
Geom . rror E ukl. , p . 115 , note.

‘7 D raw lines from the points 0, x, B , and 1, to A, the centre of the circle

describedabout the trapez ium ; and from e and 1, top, the centre of the circle

circumscribedabout the triangle «by ; it willbe easy to see, then , that theangles

subtendedby ex, up, upat A are equalto each other, and to each of the angles

subtended by of and (n at p. The similarity of the segments is then inferred ;
but observe, that in order to bring this under thedefinition of similar segmen ts

given above, the word segment must be used in a large signification ; and that

further, it requires rather the converse of the definition, and thus raises the

difiiculty of incommensurability.
Thesimilarity of the segmentsmight also be inferredfrom theequality of the

alternate angles (" I f and men, for example) . I n p. 47 , I stated, following
B retschneider andHankel, that Hippocrates of Chiosdidnot know the theorem

that the angles in the same segment of a circle are equal. But if the latter

methodof proving the similari ty of the segments in the construction to which the
present note refers was that used by Hippocrates, the statement in question

wouldhave to be retracted.
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rectilineal figure composed of the three triangles (fin,

That the exterior arc of this lune is smaller than .a

sem icircle, Hippocrates proves, by showing that the angle
m y lying within the exterior arc of the segmen t is obtuse,
which he does thus : S ince the square on at is once and

a-half the square on the radius Bar or are, and since, on
accoun t of the similarity of the triangles Bee andfile, the
square on are is greater than twice the square on act,

“ it
follows that the square on is greater than the squares on
ex and get together. The angle a mis therefore obtuse, and
consequently the segmen t in which it lies is less than a
sem icircle.

Lastly
,
Hippocrates squared a lune and a circle to

gether, thus : Let two circles be describedabout the centre
x, andlet the square on the diameter of the exterior be six

times that of the in terior. Inscribe a hexagon afi'

yStz in

the inner circle, anddraw the radii ea, 43, x7 , and produce
them to the periphery of the exterior circle ; let them meet
it at the poin ts m0, 1, respectively, and join no, 01, on. It
is eviden t that no, 01 are sides of the hexagon inscribed
in the larger circle. Now, on mlet there be described a
segmen t sim ilar to that cut off by "0. S ince, then , the
square on m is necessarily three times greater than that on
119, the side of the hexagon ,

so
and the square on six

times that on afi, it is eviden t that the segment described
overm must be equal to the sum of the segments of the
outer circle over noand 01, together with those cut off in

the inner circle by all the sides of the hexagon . I f we now

add, on both sides, the part of the triangle lying over
‘9 A pentagon with a re-entrant angle is considered here : but observe

that it is not called a pentagon , that term being then restricted to the regular

pen tagon ; and, that it is described as a rec tilinealfigure composed of three

triangles.

‘9 I t isassumedhere that the anglefine isobtuse, which it evidently is.

B retschneider points out that in this paragraph the Greek text in theAldine
is corrupt, and consequently obscure : he corrects it by meansof some transposi
tions anda few trifling additions. (See Geom . vor E ukl. , p . 118 , note

50 Then follows the proof of this statemen t, which I haveomitted, as I think
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.

c ircle, the thirdpart of one c ircle is similar to the thirdpart
of another circle.

Next wefind the following theorems
S imilar segments contain equal angles ;
These in all semicircles are right ; segmen ts which

are largeror smallerthan semicircles contain , respectively ,
acute or obtuse angles ;
(e) . The side of a hexagon inscribed ina circle is equal

to the radius
(d). I n any triangle the square on a side opposite to an

acute angle is less than the sum of the squares on the sides
which contain the acute angle ;
(e) . I n an obtuse-angled triangle the square on the side

subtending the obtuse angle is greater than thesum of the

squares on the sides contain ing it ;
(f ). I n an isosceles triangle whose vertical angle is

double the angle of an equilateral triangle, the square on

the base is equal to three times the square on one of the

equal sides ;
(g). I n equiangular triangles the sides about the equal

angles are proportional ;
(h). Circles are to each other as the squares on their

diameters ;
S imilar segments of circles are to each other as the

squares on their bases .

Lastly , we observe that the solution of the following
problems is required

(a). Construct a square which shall be equal to a given
rectilineal figure ;

Find a line the square on which shall be equal to
three times the square on a given line ; 5 ”

(e) . Finda linesuch that twice the square on it shall be
equal to three times the square on a given line ;

51 For this
,
or rather its converse, is assumed in the demonstration, p . 73 .

Also, see p . 69 .

5 ‘ See theorem (f ) , supra.
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(d). B eing given two straight lines, construct a tra

pez ium such that one of the parallel sides shall be equal

to the greaterof the two given lines, andeach of the three
remain ing sides equal to the less ;
(e) . About the trapez ium so constructed describe a

circle ;
(f ). Describe a circle about a given triangle ;
(g). From the extrem ity of the diameter of a semicircle

draw a chord such that the part of it intercepted between
the circle and a straight linedrawn at right angles to the
diameter at the distance of one half the radius shall be
equal to a given stra ight line ;
(h ). Describe on a given straight line a segment of a

circle which shall be sim ilar to a given one.

There remain to us but few more notices of the work
done by the geometers of this period
An tiphon , whose attempt to square the circle is given by

S implicius in the above extract, andwho is also men tioned
byAristotle and some of his other commentators, is most
probably the S ophist of that name who, we are told, often
disputed with S ocrates.” It appears from a notice of

Themistius, that An tiphon started not only from the

square, but also from the equilateral triangle, inscribed
in a circle, and pursued themethod and train of reason ing
above described.

“

Aristotle and his commentators men tion another So

ph ist who attempted to square the circle—B ryson , of

whom we have no certain knowledge, but who was pro

bably a Pythagorean ,
andmay have been the B ryson who

is mentioned by I amblichus amongst the disciples of Py
thagoras.

“ B ryson inscribed a square,“ ormore generally

‘3 Xenophon, Memorab . vi 1 B iog. Laert . 46 , ed. Cobet, p . 44 .

“4 Themist f. 16 ; B randis, Schol. in Arist. , p . 33 .

I ambl Vit. Pyek. ,
Cap. xx111. , 104.

5° Alex. Aphrod.
,
f. 30 ; B randis, S chol. , p . 306 5 .
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any polygon,
" in a circle, and circumscribedanother of the

same number of sides about the circle ; he then argued
that the circle is larger than the inscribed and less than
the circumscribed polygon , and erroneously assumed th at
the excess in one case is equal to the defec t in the other ;
he concluded thence that the circle is the mean between
the two.

It seems, too, that some persons who had no know
ledge of geometry took up the question , and fancied, as
Alexander Aphrodisius tells us, that they shouldfind the

square of the circle in surface measure if they could find

a square number which is also a cyclical number“

numbers as 5 or 6 , whose square ends w ith the same
number, are called by arithmeticians cyclical numbers.

“9

On this Hankel observes that unfortunately we cannot
assume that th is solution of the squaring of the circle was
on ly a joke and he adds, in a note, that perhaps it was
of later origin , although it strongly reminds us of the

S ophists who proved also that Homer’s poetry was a
geometrical figure because it is a circle of

That the problem was one of public interest at that
time, and that, further, owing to the false solution s of

pretended geometers, an elemen t of ridicule had become
attached to it, is plain from the reference which Aristo
phanes makes to it in one of his comedies.

“1

I n the last chapter: p . 28 (t) , we saw that there
was a tradition that the problem of the quadrature of

the circle engaged the atten tion of the Pythagoreans . "

We saw,
too (p . that they probably derived the

problem from the Egyptians, who sough t to find from the

diameter the side of a square whose area should be equal
67 Themist. , f. 5 ; B randis, Sehol. , p. 211 ; Johan . Philop., f. 18

-
fBrandis

,

Sehol. , pp. 211, 2 12 .

50 S implicius, in B retsch . ,
Geom . vor E ukL, p . 106 .

59 I br
'

d.

“0 Hankel, Geseh z’eh . derMath . , p . 116 , andnote.

61 B irds, 1005 .
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to that of the circle. From their approximate solution ,
it

follows that the Egyptians must have assumed as evident
th at the area of a circle is proportional to the square on

its diameter, though they would not have expressed them
selves in this abstract manner. Anaxagoras (499-428 B .C. )
is recorded to have investigated this problem during his
imprisonment.“

Vitruvius tells us that Agatharchus invented scene
pain ting, and that he pain ted a scene for a tragedy which
[E schylus brought out at Athen s, and that he left notes
on the subject . Vitruvius goes on to say that Democritus
and Anaxagoras, profiting by these instructions, wrote on
perspective.

“3

We have named D EMOCR I TUS more than once : it is
remarkable that the name of th is great philosopher, who
was no less em inen t as a mathematician ,

“
and whose

fame stood so high in antiquity, does not occur in the

summary of the history of geometry preserved by Proclus .
I n connect ion w ith this, we should note that Aristoxenus,

in his H istoric Commentaries, says that Plato w ished to
burn all the writings of D emocritus that he was able to
collect ; but that the Pythagoreans, Amyclas andClein ias,
preven tedh im , as they said it woulddo nogood, inasmuch
as copies of h is books were already in many hands .

D iogenes Laertius goes on to say that it is plain that this
was the case ; for Plato, who men tions nearly all the

ancien t philosophers, nowhere speaks of D emocritus.“

We are also toldby Diogenes Laertius that Democritus
was a pupil of Leucippus and of Anaxagoras, who was
forty years his sen ior ; “ and further, that he wen t to

52 ’

AAA
’ ’
Aya£a7 6pas air iv 7 1? bed/rarrnplqr rhy 7 06 xhxkov rerpa

'

ywmo
'

pbv

t-ypacpe.
-P1ut . , de E xit , c . xvn vol. p . 734, ed. D idot.

“3 D eArch
,
V I L

,
Praef.

64 Cicero, dcfin ibus bonorum et malorurn , I .
,
c . vi . ; D iog. Laert . , I x. ,

vn

ed. Gobet, p . 236 .

‘5 B iog . Laert . , z
’

bid. , ed. Gobet, p . 237 .

6° I bid. , p . 235 .
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Egypt to see thepriests there, and to learn geometry from
them .

“

This report is confirmed by what Democritus himself
tells us : ‘ I have wandered over a larger portion of the

earth than any man of my time, inquiring about things
most remote ; I have observed very many climates and

lands, and have listened to very many learned men ; but
no one has ever yet surpassed me in the construction of

lines with demonstration ; no, not even the Egyptian
Harpedonaptae, as they are called (ital1pamsfwv armature;

ptfl i inros toc oirStlc are? ye wapfikkafir, oirS
’

oi : Aiymrrlwv

naktoptvm with whom I lived five years in
all

, in a foreign land.

’

We learn further, from Diogenes Laertius, that Demo
critus was an adm irerof the Pythagoreans ; that he seems
to have derived all his doctrines from Pythagoras, to such
a degree, that one would have thought that he had been
his pupil, if thedifference of time did not preven t it ; that
at allevents he was a pupil of some of the Pythagorean
schools, and that he was intimate with (auyyeyovtvar)
Philolaus .“

DiogenesLaertius gives a list ofhis writings : amongst
those on mathematics we observe the following
Hrpl3m¢opiic

r

yva
'

rpovoc n rplthat
'

rmoc m
'

rxkov oralM p“

(lit., On thedifference of the gnomon, or on the contact of
the circle and the Sphere. Can what he has in view be

the following idea : that, the gnomon , or carpenter’ s
rule, being placed with its vertex on the circumference of

a circle, in the limiting position , when one leg passes
through the centre, the other w ill determ ine the tangent i) ;
one on geometry ; one on numbers ; one on incommen

°7 B iog. Laert. , xx. , vrr. , ed. Gobet
,
p . 236 .

‘9 D emocrit. , ap. Clem . Alex. ,
S trom . , I . , p. 304, ed. Sylburg ; Mullach,

Fragm . Ph il. Graec. , p . 370.

“9 B iog . Laert ., 1x. , vii. , ed. Gobet, p . 236 .
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surable lines and solids, in two books;
’

Axr1voypa¢ fn (a

description of rays, probably perspective).
We also learn , from a notice of Plutarch , that Demo

critus raised the following question : I f a cone were cut

by a plane parallel to its base [obviously mean ing, what
we shouldnow call one infin itely near to that plane] , what
must we think of the surfaces of the sections , that they are
equal or unequal ? For if they are unequal, they will show
the cone to be irregular, as having many indentations
like steps, and unevennesses ; and if they are equal, the
sectionswill be equal , and the cone will appear to have
the property of a cyl inder, viz . . to be composed of equal,
and not unequal, circles, which is very absurd.

m

I f we exam ine the con tents of the foregoing extracts,
and compare the state of geometry as presented to us in
them w ith its condition about half a cen tury earlier, we

observe that the chief progress made in the in terval
con cerns the circle. The early Py thagoreans seem not to
h ave given much consideration to the properties of the

circle ; but the atten tion of the geometers of this period
was naturally directed to them in connection w ith the

problem of its quadrature.

We have already set down
, seriatim, the theorems and

problems relating to the circle which are con tained in the
extract from Eudemus.

A lthough the attempts of An tiphon and B ryson to
square the circle did not meet w ith much favour from the

ancien t geometers, andwere condemnedon accoun t of the
paralogisms in them , yet their conceptions contain the

first germ of the infin itesimal method: to A ntiphon is due
the merit of having first got into the right track by intro
duc ing for the solution of th is problem—in accordance
w ith the atom ic theory then nascen t—the fundamental

7 ° D iog. Laert. , vrr. , ed. Gobet, pp. 238, 239.

7 1 Plut . , de Comm . N ot ,
vol. I V . , p . 132 1, ed. D idot.

G
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idea of infinitesimals, and by trying to exhaust the c ircle
by means of inscribed polygons of continually increasing
number of sides ; B ryson is entitled to praise for having
seen the necessity of taking in to consideration the circum
scribed as well as the in scribed polygon , and thereby
obtain ing a superior as well as an inferior lim it to the
area of the circle. B ryson ’ s idea is just, and should be

regarded as complemen tary to the idea of An tiphon , which
it limits and renders precise. Later, after the method of

exhaustions had been inven ted, in order to supply demon
strations which were perfectly rigorous, the two lim its ,
inferior and superior, were always considered together,
as we see in Euclid andArch imedes.
We see, too, that the question which Plutarch tells us

that Democritus himself raised involves the idea of infin i

tesimals ; and it is eviden t that this question , taken in

connection with the axiom in p. 5 7 , must have presen ted
real difficulties to the ancient geometers. The general
question which underlies it was, as is well known , con

sidered and answered by Leibn itz : Caeterum aequalia

esse puto, non tantiim quorum difi
'

eren tia est omn ino

nulla, sed et quorum difi
’

eren tia est incomparab iliter

parva ; et licet ea Nihil om nino dici non debeat, non

tamen est quantitas comparabilis cum ipsis, quorum est

difi
'

erentia. Quemadmodum si lineae punctum alterius
lineae addas, vel superfic iei lineam , quan titatem non

auges. Idem est, si lineam quidem lineae addas, sed

incomparab iliter m inorem . Nec ulla constructione tale
augmen tum exh iberi potest. S cilicet eas tantum homo
ganeas quan titates comparab iles esse, cum E uclide, lib.

v. , defin . 5 , censeo, quarum una numero, sedfin ito, multi
plicata , alteram superare potest. E t quae tali quan titate
non difi

'

erunt, aequalia esse statuo, quod etiam A rchimedes

sumsit, aliique post ipsum omnes . E t hoc ipsum est,

quod dic itur difi
'

eren tiam esse data quavis m inorem . E t

Archimedeo quidem processu res semper deduc tione ad
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particular, to solve the problem of the duplication of the

cube.

Proclus (afterE udemus) andEratosthenes tell us (h and
i
,
p. 5 9) that Hippocrates reduced this question to one of

plane geometry, namely, the finding of two mean propor
tionals between two given straight lines, the greater of

which is double the less. Hippocrates, therefore, must
have known that if four straight lines are in continued
proportion , the first has the same ratio to the fourth that
the cube described on the first, as side, has to the cube
described in like manner on the second. He must then
have pursued the following train of reason ing —Suppose
the problem solved, and that a cube is found which is
double the given cube ; find a third proportional to the

sides of the two cubes, and then find a fourth proportional
to these three lines the fourth proportional must bedouble
the side of the given cube ; if, then , two mean propor
tionals can be found between the side of the given cube
and a linewhose length is double of that side, the problem
w ill be solved. As the Pythagoreans had already solved
the problem of finding a mean proportional between two

given lines—or, wh ich comes to the same, to construct a
square which shall be equal to a g iven rectangle— it was
not unreasonable for Hippocrates to suppose that he had

put the problem of the duplication of the cube in a fair
way of solution . Thus arose the famous problem offinding
twomean proportionals between twogiven lines—a problem
which occupied the atten tion of geometers for many cen

tut ies . Although, as Eratosthenes observed, the difiiculty
is not in this way got over ; and although the new

problem cannot be solved by means of the straight line
and circle, or, in the language of the ancients, cannot
be referred to plane problems, yet Hippocrates is entitled
to much credit for th is reduction of a problem in stereo
metry to one in plane geometry . The tragedy to which
Eratosthenes refers in this account of the legendary origin
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of the problem is, according to V alckenaer, a lost play of
Euripides, namedHokn’mSoc z

" if this be so, it follows that
this problem of the duplication of the cube, as well as that
of the quadrature of the circle, was famous at Athens at
this period.

Eratosthenes, in h is letter to Ptolemy III . , relates that
one of the old tragic poets introducedMinos on the stage
erecting a tomb for his son Glaucus ; and then, deem ing
the structure too mean for a royal tomb , he said ‘ double
it, but preserve the cubical form ptxprivy

’

ileiacBamAtmoi
’

r

c ani m rdpov, Stnkdatog i
'

arw. f air 32 roi
'

r xt
'

rfiov pi; apaArlc .

"

Eratosthenes then relates the part taken by Hippocrates
of Chios towards the solution of th is problem as given
above (p . and continues : Later [in the time of Plato] ,
so the story goes, the Delians, who were suffering from a
pestilence, being ordered by the oracle to double one of

their altars, were thus placed in the same difficulty. They
sen t therefore to the geometers of the Academy, entreating
them to solve the question .

’ This problem of the duplica
tion of the cube—hen ceforth known as theD elian Problem

may have been originally suggested by the practical needs
of architecture, as indicated in the legend, and have arisen
in Theocratic times ; it may subsequen tly have engaged
the atten tion of the Pythagoreans as an object of theoretic
in terest and scien tific inquiry, as suggested above.

These two ways of looking at the question seem suited
for presenting it to the public on the one hand and to
mathematical pupils on the other. From the consideration
of a passage in Plutarch, 7 5 however, I am led to believe
that the new problem— to find two mean proportionals

3 See R eimer, H istoric: problematz
'

s de "
cubi duplz

'

catz
’

one
, p. 20

, Gottingae,
1798 ; andB iering, H istoric:problemati c cubi duplicandi, p . 6 , Hauniae, 1844.

74 Archim . , ed. Torelli , p . 144 . Valckenaer shows that these words of

E ratosthenes contain twoverses, which he thus restores

mrrpbr 7
’
{ArgusBao

‘

dturoii 01)b rdpow

Bur-Adams force, 7 06 rc ou8kpr); apaAfas.

See R eimer
,
l. c .

" 5 Symp. , V111., Quaestio 2 c lV . Plut. Opera, ed. D idot
,
vol. I V. , p . 27 7.
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between two given lines—which arose out of it, had a
deeper sign ificance, and that it must have been regarded
by the Pythagorean philosophers of this time

,as one of

great importance, on account of its relation to their
cosmology.

I n the last chapter (p. 3 8 ) we saw that the Pytha

goreans believed that the tetrahedron , octahedron , ico
sahedron , and cube corresponded to the four elemen ts of
the real world. This doctrine is ascribed by Plutarch to
Pythagoras h imself Philolaus, who lived at this time,
also held that the elementary nature of bodies depended
on their form . The tetrahedron was assigned to fire

,
the

octahedron to air, the icosahedron to water, and the cube
to earth ; that is to say , it was held that the smallest
constituent parts of these substances had each the form
assigned to it." Th is being so, what took place, accord
ing to this theory, when , under the action of heat, snow
and icemelted, or water became vapour ? I n the former
case, the elements wh ich '

had been cubical took the icosa
hedralform , and in the latter the icosahedral elements
became octahedral. Hence would naturally arise the

following geometrical problems
Construct an icosahedron which shall be equal to a

given cube ;
Construct an octahedron which shall be equal to a

given icosahedron .

NowPlutarch, in h isSymp. , V I I I . ,Quaestiou.
—Il&cultim o

i
'

Ar-yt rim Orbu ri fly terptrpt
'

t
'

v, 3 8: —accepts this theory of

7“ Hvaa‘

ydpar, f ir-re axnpdrwr ire
-
aw « rept ile, Cu p a tGT-rat ItalpaOmearurd,

in
, air rot? ret

’

rflovMal7 6
:

7 ” t rhofi r, in St rigs rvpaplGos ‘rb rfip, in 8} 7 06

6xrae
'

8pov rbr de
’

pa, ire Gt raileixorraibpov rb 68am, in 83 7 017 8m8¢xaé$povrimrot?

warrbs mpa
'

ipav.

Hitch er at realtr rot
’
rrmswuflwyoplfer. Plut.

,
Plac . , vi. , 5 81. 6 ; Opera, ed.

D idot, vol. I V . , p. 108 1.

7 7 S tob. E clog . ab Heeren , lib . p . 10 . See also Zeller, diePhilos. der

Griechen ,
E rster Theil, p. 3 76 , Leipz ig, 1876 , H istory of GreekPh ilosophy , vol.

p . 437 , E . T .

7 3 Plut. Opera, ed. D idot, vol. I V .
,
pp . 8 76 , 7 .
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1. To find the volume of a polyhedron ;
2 . To find a line which shall have the same ratio to a

given line that the volumes of two given polyhedra have
to each other

3 . To find two mean proportionals between two g iven
lines ; and

4. To construct on a given line as edge a polyhedron
which shall be similar to a given one.

Now we shall see that theproblem of finding two mean
proportionals between two given lines was first solved by
Archytas of Tarentum—ultimus Py thagoreorum—then by
his pupil Eudoxus of Cn idus, and thirdly by Menaechmus,
who was a pupil of Eudoxus, andwho used for its solution
the conic sections which he haddiscovered : we shall see
further that Eudoxus founded stereometry by showing
that a triangular pyram id is one-third of a prism on the

same base and between the same parallel planes ; lastly,
we shall find that these great discoveries were made with
the aidof the method ofgeometrical analysis which either
had meanwhile grown out of the method of reduction or

was inven ted by Archytas.

It is probable that a third celebrated problem—the
trisection of an angle—also occupied the attention of the

geometers of this period. No doubt the E gyptians knew
how to divide an angle, or an arc of a circle, into two

equal parts ; they may therefore have also known how to
divide a right angle into three equal parts . We have seen ,
moreover, that the construction of the regular pen tagon
wasknown to Pythagoras, andwe infer that he could have
divided a right angle into five equal parts. I n this way ,
then , the problem of the trisection of any angle—or the

more general one of dividing an angle into any number
of equal parts—would naturally arise. Further, if we
exam ine the two reductions of the problem of the tri

section of an angle which have been handed down to
us from ancient times, we shall see that they are such
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as m ight naturally oc cur to the early geometers, and that
they were quite within the reach of a Pythagorean—one

who hadworthily gone through h is noviciate of at least
two years of mathematical study and silent meditation .

For this reason , and because, moreover, they furn ish good
examples of the method called (irrayw

'

yfi, I g ive them here.

Let us exam ine what is required for the trisection of

an angle according to the method handeddown to us by
Pappus ."

S ince we can trisect a right angle, it follows that the
trisection of any angle can be effected if we can trisect an
acute angle.

Let now 016 7 be the given acute angle which it is
required to trisect.
From any point a on the line 046 , which forms one leg

of the given angle, let fall a perpendicular ay on the other

leg , and complete the rectangle ayfiS. Suppose now that
the problem is solved, and that a line is drawn making
with By an angle wh ich is the third part of the given
angle afiy let this line out ay in K, and be produceduntil
it meet 8a produced at the poin t G. Let now the straight
line Zr be bisected in n, and an be joined ; then the lines
Kn, nt , an, and Ba are all eviden tly equal to each other,
and, therefore, the lineKs is double of the line afi, which is
known .

The problem of the trisection of an angle is thus te

duced to another
7 9 Pappi Alex. , Collect. ed. Hultsch , vol. I . , p . 2 74.
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From any vertex B of a rectangle fiSa-y draw a line

file, so that the part Z: of it intercepted between the two

apposite sides, one of which is produced, shall be equal to
a g iven line.

This reduction of the problem must, I think, be referred

to an early period : for Pappus” tells us that when the

ancient geometers wished to cut a given rectilineal angle
into three equal parts they were at a loss, inasmuch as
the problem which they endeavoured to solve as a plane

problem could not be solved thus, but belonged to the

class called solid and, as they were not yet acquainted
w ith the con ic sections, they could not

.

see their way :

but, later, they trisected an angle by means of the con ic
sections. He then states the problem concern ing a
rectangle, to which the trisection of an angle has

been just now reduced, and solves it by means of a
hyperbola.

The con ic sections, we know, were discovered by
Menaechmus, a pupil of Eudoxus (409-3 5 6 and the

discovery may , therefore, be referred to the m iddle of the

fourth cen tury.

Another method of trisec ting an angle is preserved
in the works of Archimedes, being indicated in Prop . 8

of the Lemmata “—a book which is a translation into
Latin from the Arabic . The Lemmata are referred to
Archimedes by some writers, but they certainly could not

have come from h im in their present form , as his name

30 Pappi Alex. , Collect , ed. Hultsch , vol. L , p , 270 et seq.

8‘ The ancients distinguished three kinds of problems—plane, salad
,
and

linear. Those which could be solved by means of straight lines and circles

were called plane ; andwerejustly so called
,
as thelines by which the problems

of this kind could be solved have their origin in plano. Those problemswhose
solution is obtained by means of one or more conic sections were called solid,
inasmuch as for their construction we must use the superficies of solidfigures

to wit, the sections of a cone. A third kind, called linear, remains, which

required for their solution curves of a higher order, such asspirals, quadratrices,
conchoids

,
and cissoids. See Pappi, Collect , ed. Hultsch, vol. L ,

pp . 54 and
270.

8 3 Archirn . ex recens. Torelli, p . 358.



https://www.forgottenbooks.com/join


92 Greek Geometry from Thales toEuclid.

that the angle EAC is the third part of the angle BAC ;
through B let a straight line be drawn parallel to AE , and

let it cut the circle again in G and the radius CA produced
in F. Then , on account of the parallel lines AE andFGB ,

the angle ABG or the angle EGA, which is equal to it,
will be double of the angle GFA ; but the angle E GA
is equal to the sum of the angles GFA and GAF ; the

angles GFA andGAF are, therefore, equal to each other,
and consequently the lines GE andGA are also equal . The
problem is, therefore, reduced to the following : From B

draw the straight line B GF , so that the part of it, GF,

intercepted between the circle and the diameter CAD
produced shall be equal to the radius.“

For the reasons stated above
,
then , I think that the

problem of the trisection of an angle was one of those
which occupied the attention of the geometers of this
period. Montucla, however, and after h im many writers
on the history of mathematics, attribute to Hippias of

Elis, a contemporary of S ocrates, the inven tion of a
transcendental curve, known later as the Quadratrix of

D einostratus, by means of which an angle may be divided
in to any number of equal parts. This statement is made
on the authority of the two following passages of

Proclus
N icomedes trisected every rectilineal angle by means

of the conchoidal lines, the inven tor of whose particular
nature he is

, and the origin , construction , and properties
of which he has explained. Others have solved the same
problem by means of the quadratrices of Hippias and

N icomedes, making use of the m ixed lines which are

called quadratrices ; others, again , starting from the spirals

3‘ See F . V ietae, Opera Mathematica
,
studio F . a Schooten, p . 245 , Lugd.

B at. 1646 . These two reductions of the trisection of an anglewere given by
Montucla

,
but he did not give any references. SeeHist. des Malia, tom. L

,

p . 194, rim ed.
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of Archimedes, divided a rectilineal angle in a given

I n the same manner other mathematicians are accus
tomed to treat of curved lines, explain ing the properties
of each form . Thus, Apollon ius shows the properties of
each of the con ic sections ; N icomedes those of the con

choids ; Hippias those of the quadratrix, and Perseus
those of the spirics’

Now the question arises whether the Hippias referred

to in these two passages is Hippias of Elis. Mon tucla

believes that there is some ground for this statement
,
for

he says : ‘

Je ne crois pas que l
’
antiquité nous fourn isse

aucun autre geometre de ce nom , que celui dont je
Chasles, too, gives on ly a qualified assen t to the statement.
Arneth , B retschneider, and Suter, however, attribute the

invention of the quadratrix to Hippias of Elis w ithout any
qualification .

88 Hankel on the otherhand, says that surely
the S ophist Hippias of E lis cannot be the one referred to,
but does not give any reason for h is dissent.“ I agree
w ith Hankel for the following reasons

r. Hippias of Elis is not one of those to whom the

progress of geometry is attributed in the summary of the
history of geometry preserved by Proclus, although he is
men tioned in it as an authority for the statement con

cern ing Ameristus [or The om ission of h is

namewould be strange if he were the inven tor of the qua
dratrix .

95 Proclus, ed. Friedlein, p . 2 72 .

83 I bid. , p . 356 .

87 Montucla, Hist. desMath , tom . p . 18 1, nouvle. ed.

39 Chasles, H ist . de la Geom . , p . 8 ; Arneth , Gesch . der Math
,
p . 95 ;

B retsch . , Geom . rror E ukl. , p . 94 ; Suter, Gosch . der Illath . Wz
'

sserzschaf t" p. 3 2 .

99 Hankel
,
Gosch . der Math .

,
p . 15 1, note. Hankel

,
also, in a review of

Suter, Gesch ich te der Mathematzlschen H’zlrsenschaf ten , published in the

B ullettino di B ibliografia e di S toria delle S cienze Matematicheel vzche, says
A pag. 3 1 (lin . 3 Hippias

,
l’inven tore della quadratrice, e identificato col

Sofista Hippias, ilcheveramente avea gia fatto ilB retschneider (pag . 94, lin .

39 ma senza darnela m in ima prova.

’ B ullet , &c . , tom . v.
,
p . 297 .

9° Proclus, ed. Friedlein , p . 6 5 .
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2 . Diogenes Laertius tells us that Archytas was the
first to apply an organ ic motion to a geometrical dia
gram and thedescription of thequadratrix requires such
a motion .

3 . Pappus tells us that : For the quadrature of a circle
a certain line was assumed by D einostratus, N icomedes,
and some other more recent geometers, wh ich received its
name from this property ; it is called by them the qua

dratrix .

’

4 . With respect to the observation of Mon tucla, I may
mention that therewas a skilful mechan ician andgeometer
namedHippias contemporary w ith Lucian , who describes
a bath constructed by h im .

"

I agree, then , with Hankel, that the invention of the

quadratrix is erroneously attributed to Hippias of Elis.
B ut Hankel himself, on the other hand, is guilty of a still

91 D iog . Laert . , v111.
,
c . iv.

,
ed. Cobet, p . 224.

9° Pappi, Collect. , ed. Hultsch , vol. L , pp . 250 and 252 .

93 H ippias, seu B alneum . S ince the above was written I find that Cantor,
Vorles. iiber Gesek. der Math ,

p . 165 , sq.
, agrees with Montucla in this.

He says : I t has indeed been sometimes doubtedwhether theHippias referred
to by Proclus is really Hippias of Elis, but certainly without good grounds.

’

I n support of hisview Cantoradvances the following reasons

1. Proclus in hiscommentary followsa custom fromwhich he neverdeviates

he introduces an author whom he quotes with distinct names and surnames
,

but afterwards omits the latter when it can be done without an injury to
distinctness. Can tor gives instances of this practice, and adds : ‘ I f

, then,
Proclus mentions a Hippias, it must be Hippias of Elis, who hadbeen already
once distinctly so named in his Commen tary .

’

2 . Waiving, however, this custom of Proclus
,
it isplain that with any author,

especially with onewho haddevoted such earnest study to the works of Plato,
Hippiaswithout any further name couldbe only Hippiasof Elis.

3 . Cantor, having quoted passages from the dialogues ofPlato, says: We

think we may assume that Hippias of Elis must have enjoyed reputation as a

teacher of mathematics at least equalto that which he had asa Sophist proper,
and that he possessedalltheknowledgeof his time in naturalsciences, astronomy,
andmathematics.

’

4 . Lastly, Cantor tries to reconcile the passage quoted from Pappus with
the two passages from Proclus Hippias of Elis discovered about 420 B .C .

a curve which could serve a double purpose—trisecting an angle and squaring
the c ircle. From the latter application it got its name, Quadratrix (the Latin
translation) , but this namedoesnot seem to reach furtherback than D einostratus.

’
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the parabola, runs thus : Former geometers havealso used
this axiom. For, by making use of it, they proved that
circles have to each other the duplicate ratio of their
diameters ; and that spheres have to each other the tripli
cate ratio of their diameters ; moreover, that any pyram id
is the third part of a prism which has the same base and

the same altitude as the pyram id ; also, that any cone is the
third part of a cylinderwhich has the same base and the

same altitude as the cone ; all these they provedby assum
ing the axiom which has been set forth .

We see now thatArchimedes does not bring th is axiom
into close connection with the theorem concern ing the

ratios of the areas of circles alone, but with three other
theorems also ; and we know that Archimedes, in a sub
sequen t letter to the same D ositheus, which accompan ied
his treatise on the sphere and cylinder, states the two

latter theorems, and says expressly that they were dis
covered by Eudoxus ." We know, too, that thedoctrine of
proportion , as con tained in the Fifth B ook of Euclid, is
attributed to Eudoxus.” Further, we shall find that the
invention of rigorous proofs for theorems such as Euclid,
V I . 1, involves, in the case of incommensurablequantities,
the samedifficulty which is met with in proving rigorously
the four theorems stated byArchimedes in connection with
th is axiom ; and that in fact they all required a new

method of reason ing—theMethod of Exhaustions—which
must, therefore, be attributed to Eudoxus .

The discovery of Hippocrates, which forms the basis of
his investigation concern ing the quadrature of the circle,
has attractedmuch atten tion , and it may be interesttng to

”5 Archim . ex recens. Torelli, p . 18 .

93 I bid. ,
p . 64.

97 We are told so in the anonymous scholium on the Elements of Euclid,
which Knoche attributes to Proclus: see E ucl.

,
E lem , Graece ed. ab . August,

pars. u.

,
p . 3 29 ; also Un tersuchungen , &c . , Von D r. J. H . Knoche, p . 10 .

Cf. p . 49, and note 76 , supra.
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in quire how it m ight probably have been arrived at. It
appears to me that it m ight h ave been suggested in the

follow ing way z—Hippocrates m ight have met w ith the

annexed figure, excluding the dotted lines, in the arts of
decoration and, con templating the figure, he m ight have
c ompleted the four smaller circles anddrawn their diame
ters, thus form ing a square in scribed in the larger circle,
as in the diagram . A diameter of the larger circle being
then a diagonal of the square, whose sides are the diame
ters of the smaller circles, it follows that the larger circle is
equal to the sum of twoof the smaller circles. The larger
circle is, therefore, equal to the sum of the four semicircles
included by the dotted lines. Taking away the common
parts—Sc . the four segments of the larger circle standing
on the sides of the square—we see that the square is equal
to the sum of the four lunes.

This observation—concern ing , as it does, thegeometry
of areas—m ight even have been made by the Egyptians,
who knew the geometrical facts on which it is founded, and
whowere celebrated for theirskill in geometrical construc
tions . See Ch . IL, pp. 29, 47 , note 7 2 .

I n the investigation ofHippocrates given abovewemeet
with man ifest traces of an analytical method, as stated in
Ch . IL

,
p . 4 1, note 6 2 . Indeed, Aristotle—and this is te

markable—after having defined cirrayw
-
yfi, eviden tly refers

to a part of th is investigation as an instance of it : for be
H
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says : ‘Or again [there is reduction] , if the m iddle terms
between 7 andfiare few ; for thus also there is a nearer

approach to knowledge. For example, if 8 were quadra
ture

,
and e a rectilineal figure, andZ:a circle ; if there were

only one m iddle term between t and Z. viz . . that a circle
with lunes is equal to a rectilineal figure, there would be
an approach to See pp . 6 7 , 68, above.

I n many instances I have had occasion to refer to the
methodof reduction as one bywh ich the ancient geometers
made their discoveries, but perhaps I should notice that in
general it wasusedalong with geometrical constructions
the importance attached to these may be seen from the

passages quoted above from Proclus and Democritus
,

pp. 5 9, 80 ; as also from the fact that the Greeks had a
special name, tw oypépnpa, for a faulty construction .

The principal figure, then , amongst the geometers of
this period is Hippocrates of Ch ios, who seems to have
attracted notice as well by the strangeness of his career as
by h is striking discovery of the quadrature of the lune.

Though his con tributions to geometry, which have been
set forth at length above, are in many respects importan t,
yet the judgmen t pronounced on h im by the an cients is
certain ly, on the whole, not a favourable one—witness
the statements of Aristotle, Eudemus, I amblichus, and

E utoc ius.

How is this to be explained ? The faulty reason ing
in to which he is reported to have fallen in his pretended
quadrature of the circle does not by itself seem to me to

be a sufficient explanation of it : and indeed it is difficult
99h rdlur [dra‘

ywyfl80 7 1] ii bafya 7 & 74601: 7 6 V DP
'

xalydp 067 m

7 06 eiBe
’

rar. olov 62 7 5 A dry 7 c7 pa7 wvffeofiat, 7 b 8
’

Jp
’
15 E 7 6 8

’

3p
’

6 Z m
i

nkos
‘

t i 7 06 E2 iv piece 611) h éaor, 7 b an d unrforw v Your ylreo
'Oat

cbp dmup 7 br nénkor, lyy t
‘

rs hr sin 7 06 ei8éva1. Anal. Prior. I I . xxv.
, p .

ed. B ekker. Observe the expressions rb 8’ lo’

6 E ewh paupor, See , here, and

see p . 72 , note 45 .

9° Concerning the importance of geometrical constructions as a process of

deduction , see P. Lafiitte, les Grands Types dc l
’Human ite‘

,
vol. H .,

p . 329.
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problem of the quadrature of the circle was reducible to
that of the lune on the side of the inscribed hexagon ;
andwhat was stated conditionally may have been taken
up by Hippoc rates as un conditional

3 . The further attempt which Hippocrates made to
solve the problem by squaring a lune and circle together

(see P 74)
4. The obscurity and deficiency in the construction

given in p. 7 2 and the dependence of that construction
on a problem which we know was Pythagorean (see p . 24

(e), and note 26)
5 . The passage in I amblichus, see p. 5 8 (f ) ; and, gene

rally, theunfavourable opin ion entertained by the ancients
of Hippocrates .
This conjecture gains additional strength from the fact

that the publication of the Pythagorean doctrines was first
made by Philolaus, who was a con temporary of Socrates,
and, therefore, somewhat jun ior to Hippocrates : Philolaus
may have thought that it was full time to make this pub
lication , notwithstanding the Pythagorean precept to the
con trary.

The view which I have taken of the form of the

‘03 I n reference to this paralogism ofHippocrates
,
Bretschneider (Geom . nor

B ull, p . 122) says, ‘ I t is difficult to assume so gross a mistake on the part
of such a good geometer,

’

and he ascribes the supposed error to a complete
misunderstanding. He then gives an explanation similar to that given above,

with this difference, that he supposes Hippocrates to have stated the matter

correc tly, and that Aristotle took it up erroneously : it seems to me more

probable that Hippocrates took up wrongly what he had heard at lecture than

that Aristotle did so on reading the work of Hippocrates. Further
, we see

from the quotation in p. 98 , from Anal. Prion ,
that Aristotle fully understood

the conditions of thequestion .

104 R eferring to the applzcation of areas, Mr. Charles Taylor, An I n troduc

tion to the Ancien t and Modern Geometry of Con ics, Prolegomena, p . xxv. ,

says, Although it has not been made out wherein consisted the importance

of the discovery in the hands of the Pythagoreans, we shallsee that it played
a great part in the system of Apollonius, and that he was led to designate the

three conic sec tions by thePythagorean termsParabola, Hyperbola, Ellipse.

’

I may notice that we have an instance of these problems in the construction

referred to above : for other applicationsof themethod see Ch . 1L ,
pp . 41, 43 .
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demonstrations in geometry at this period difi
'

ers alto
gether from that put forward by B retschneider and

Hankel, and agrees better not only with what S implicius
tells us ‘

of the summary manner of Eudemus, who,

according to archaic custom , gives concise proofs (see

p . but also with what we know of the origin , develop
ment, and transmission of geometry : as to the last

, what
room would there be for the silen t meditation on dificult

questions which was enjoined on the pupils in the Pytha
gorean schools, if the steps were m inute, and if laboured
proofs were given of the simplest theorems ?

The need of a change in the method of proof was
brought about at th is very time, and was in great mea
sure due to the action of the S ophists, who questioned
everything.

Flaws, no doubt, were found in many demonstrations
which hadhitherto passedcurrent ; new conceptions arose,
while others, which had been secret, became generally
known, and gave rise to unexpected difficulties ; new

problems, whose solution could not be efi
'

ected by the old

methods, came to the fi'

on t, and attractedgeneral atten
tion . It became necessary then on the one hand to recast
the oldmethods, andon the other to invent new methods,
wh ich would enable geometers to solve the new problems.
I have already indicated the men who were equal to

this task
,
and I propose in the following chapters to

exam ine their work.
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CHAPTER IV.

’

AR GR YTAS .

S tate of Hellas during the last generation of the fifth century B .C .
—Magna

Graecia again became flourishing
—Archytas of Tarentum —His life,

eminence as a S tatesman and noble character.
—Notices of his Geometrical

work—Was there a R oman Agrimensor named Architas —The problem
tofind two Mean Proportionals between twoGiven Lines was first solved

by Archytas.
—His Solution .

—Theorems which occur in it .—I nferences
from it as to Archytas’s knowledge of Geometry.—The conception of

GeometricalLoci involved in this Solution .
—D ifl

'

erent opinions as to its

importance—Construction ofArchytas’s Solution .
—WasPlato the inventor

of the method of GeometricalAn alysis -Passage in the R epublic of

Plato
,
in which the backward state of Solid Geometry is noticed—Yet

Archytashad, for the period, a profound knowledge ofGeometry of Three
D imensions; and S tereometry was founded in Plato’slifetime by E udoxus.

DUR I NG the last thirty years of the fifth century before
the Christian era no progress was made in geometry at
Athens, owing to the Peloponnesian war, which having
broken out between the two principal S tates of Greece,
gradually spread to the other S tates, and for the space
of a generation involved almost the whole of Hellas .
A lthough it was at Syracuse that the issue was really
decided, yet the Hellen ic cities of Italy kept aloof from
the con test, 1 and Magna Graec ia enjoyed at th is time a

I n the preparation of thisandthe following Chapters I have again made use
of the works of B retschneider and Hankel

,
and have derived much advantage

from the great work of Cantor Vorlesungen fiber Gesch ichte der Mathematik.

I have also constantly used the I ndex Graecitatis appended by Hultsch to vol.
111. of hisedition ofPappus ; which , indeed, I have found invaluable.

1At the time of the Athenian expedition to S icily they were not received

into any of the I talian cities, norwere they allowedany market, but hadonly the
liberty of anchorage andwater—andeven that wasdenied them at Tarentum and

Locri . A t R hegium,
however, though the Athenianswere not receivedinto the

c ity, they were allowedamarket without thewalls ; they then made proposals to
the R hegians, begging them,

as Chalcideans, to aid the Leontines. Towhich

wasanswered, that they would take part with neither, but whatever shouldseem

fitting to the rest of the I talians that they alsowoulddo.

’ Thucyd. V I . 44.
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that, on the one hand, the ban ished Pythagoreans should
be allowed to return to their homes, and, on the other,
that they should g ive up all organ ised political action .

‘

Whether this be so or not, many Pythagoreans returned
to Italy, and the B rotherhood ceased for ever to exist as
a political association .

‘ Pythagorean ism , thus purified,
con tinued as a religious society and as a philosophic
S chool ; further, owing to this purification and to the

members being thus enabled to give theirundivided atten

Chaignet, I ythagoreet la Ph ilosoph iefi thagorkienne, L , p . 93 , says so, but
does not give hisauthority ; the passage in Polybius, 11. 39, to which he refers,

does not contain this statement.

5 There are somany conflic ting accounts of the events referred to here that it

is impossible to reconcile them (see p . The view which I have adopted
seems to me to fit best with the contemporary history, with the history of
geometry, and with the balance of the authorities. Zeller, on the other hand,

th inksthat themost probable account is that thefirst public outbreakmust have
taken place after the death of Pythagoras, though an opposition to him andhis

friendsmay perhapshave arisen during his lifetime, and caused his migration to

Metapontum . The party struggleswith the Pythagoreans, thusbegun , may have

repeated themselves at difl
'

erent times in the cities of Magna Graecia, and the

variations in the statements may be partially accounted for as recollections of

these difl
'

erent facts. The burning of the assembled Pythagoreans in Crotona,
and the generalassault upon the Pythagorean party, most likely did not take
place untilthe middle of the fifth century ; and lastly, Pythagoras may have
spent the last portion of his life unmolested at Metapontum.

’

(Zeller, Pre
Socratic Ph ilosophy ,

vol. L ,
p. 360 , E .

Ueberweg takesa similarview
But the persecutions were also severaltimes renewed. I n Crotona, as it

appears, the partisans of Pythagoras and the Cylonians were for a long time

after the death of Pythagoras living in opposition as politicalparties, tillat

length , about a centurylater, thePythagoreansweresurprisedby theiropponents,
while engaged in a deliberation in the house of Milo’

(who himself had died
long before), and the house being set on fire and surrounded, allperished with
the exception of Archippus and L ysis of Tarentum . (According to other

accounts, the burning of the house, in which the Pythagoreans were assembled,
took place on the occasion of the first reac tion against the,

Soc iety, in the

lifetime of Pythagoras. ) Lysis went to Thebes, and was there (soon after 400

D .C . ) a teacherof the youthfulE paminondas. ’ (Ueberweg, History of Philosophy ,

vol. L , p . 46 , E . T . )
Zeller, in a note on the passagequoted above, gives the reasons on which his

suppositionsarechiefly based. ChaignetJ yth . etla Ph il. Py th . vol. L ,
p . 88

,
and

note, states Zeller’s opinion , and, wh ile admitting that the reasonsadvancedby
him do not want force, says that they are not strong enough to convince him : he

then giveshisobjec tions. Chaignet, furtheron, p . 94, n . , referring to the name

I talian , by which thePythagorean philosophy isknown, says: C
’
est meme cc qui
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tion and their whole energy to the solution of sc ientific

question s, it became as distinguised and flourishing as

ever : at this time, too, remarkable instances of devoted
friendship and of elevation of character are recorded of

some of the body. Towards the endof this and thebegin
n ing of the follow ing cen turies encroachments were made
on the more southerly cities by the native populations, and
some of them were attacked and taken by the elder Dio
nysius meanwhileTarentum , providedwith an excellent

me fait croire que les luttes intestines n
’
ont pas en la durée que suppose M .

Zeller ; car si les pythagoriciensavaient été exilés pendant pres de soixantedix

ansdel’ I talie
,
commen t le nom del’ I talie serait-ildevenu ou resté attacheAleur

école R eferring to thisobjection of Chaignet, Zeller says, I know not with

what eyes he can have read a discussion which expressly attempts to show that

thePythagoreanswere not expelled till440, andreturned before 406 (loo cit . p .

363 , note).
To the objectionsurged by Chaignet I wouldadd

L N early allagree in attributing the origin of the troubles in Lower I taly to
the eventswhich followed the destruc tion of Sybaris.

z . The fortunes ofMagna Graecia seem to have been at their lowest ebb at

the time of thePersian war ; this appears from the fac t that, before the battleof
Salamis, ambassadors were sent by the Lacedemonians and Athenians to

Syracuse and Corcyra, to invite them to join the defensive league against the

Persians
,
but passedby Lower I taly.

3 . The revivalof trade consequent on the formation of the confederacy of
D elos, 476 B .C . , for theprotection of theAegean Sea, must have hada beneficial
influence on the citiesofMagna Graecia, and the foundation of Thurii, 443 B .C .

,

is in itself an indication that the settlement of the country had been already
efl

'

ected.

4. The answer of the R hegians to N icias, 415 B .C., shows that at that time

there existeda goodunderstanding between the I taliot cities.

5 . Zeller’s argument chiefly restson the assumption that Lysis, the teacherof
E paminondas, was the same as the Lysis who in nearly allthe statements is

mentionedalong with Archippusas being the onlyPythagoreanswhoescapedthe
slaughter. B entley hadlong ago suggested that they were not the same. Lysis
and Archippusarementionedas having handed down Pythagorean lore asheir
looms ia their families (Porphyry, Vit. Py th . , p. 101, D idot). This fact is in my

judgment decisive of the matter ; for when Lysis, the teacher of E paminondas,
lived therewere nolonger any secrets. See p . 22

,
n . rI .

0 I n 393 D .C . a league was formed by some of the cities in order to protec t
themselves against the Lucanians and against D ionysius. Tarentum appears not
to have joined theleague tilllater, and then its colony Heraclea was the placeof
meeting . The passage in Thucydides, quoted above, shows, however, that long
before that date a good understanding existed between the cities of Magna,

Graecia.
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harbour, and, on account of its remote situation , not yet

threatened, had gained in importance. and was now the

most opulen t and powerful city in Magna Graec ia. I n

this city, at this time, Archytas—the last great Pytha

gorean grew to manhod.

AR CHYTAS of Taren tum’ was a con temporary of Plato

(428—347 but probably sen ior to h im, andwas said
by some to have been one ofPlato

’s Pythagorean teachers‘

when he visited Italy. Their friendship’ was proverbial,
and it was he who saved Plato’s life when he was in

danger of being put to death by the younger Dionysius
(about 3 6 1 Archytas was probably, almost certainly,
a pupil of Ph ilolaus.

lo We have the following particulars
of h is life
He was a great statesman , and was seven timesu ap

pointed general of his fellow-citizens, notwithstanding the
law which forbade the command to be held formore than
one year, and he was, moreover, chosen commander-in
ch ief, with autocratic powers, by the confederation of the

Hellen ic cities ofMagna Graec ia ; " it is further stated that

7 See B iog. Laert. VI I I . 0. iv. See also I . N avarro, Tentamen dc Archy tas

Tarenn
'

m
'

vita argueoperibus, ParsPrior. Hafniae, 18 19, andauthoritiesgiven by
GCic do Fin . v.

, n ix. 87 ; R ep. 1. 10
,
16 ; de Save. 12

, 41. Val. Max.

vm . 7 .

r

0 I ambl., Vit . Py th . 13 7 , p . 48, ed. D idot. Verum ergo illud est quod, a

TarentinoArchyta, ut opinor, dici solitum ,
nostros senes commemorate audivi ab

aliis senibus auditum : si quis in caelum ascendisset naturamque mundi et

pulchritudinem siderum perspexisset, insuavem illam admirationem ei fore, quae

jucundissuma fuisset, si aliquem cui narraret habuisset. ” Sic natura solitarium

nihilamat
,
semperque adaliquod tamquam adminiculum adnititur quod in ami

cissimo quoquedulcissimum est.
’—Cic . , dc Amie. 23 , 8 7 .

‘0 Cic . , dc Oratore, L ib . 111. xxxiv. 139, aut Ph ilolausArchy tam Tarentinum f

The common reading Ph ilolaum Archy tas Tarentiuus, which is manifestly
wrong, was correctedby Orellius.

u B iog . Laert. loc . cit . E lian, Var. H ist. V I I . 14, sayssix .

‘2 Taii nowoi
'
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‘
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EAMwav. Suidas, sub This title

c-rpwrvn bs abroxpdrwp was conferred on N icias and his colleagues by the
Athenianswhen they sent their great expedition to S icily : it wasalso conferred
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Athens, who were also contemporaries of Plato, as having
increased the number of demonstrations of theorems and
solutions of problems, and developed them into a larger
andmore systematic body of knowledge.

"

The services of Archytas
,
in relation to the doctrine of

proportion , which are men tioned in conjunction w ith those
of Hippasus and Eudoxus, have been noticed in pp . 2 7 (o)
and 45 .

One of the two methods of finding right-angled tri

angles whose sides can be expressed by numbers—the
Platon ic one, namely, which sets out from even numbers
is ascribed to Arch itas [no doubt, Archytas of Taren tum]
by B oethius ? " see pp . 34, 3 5 , and note 5 3 . I have there

g iven the two rules of Pythagoras and Plato for finding
righ t-angled triangles, whose sides can be expressed by
numbers ; and I have shown how the method of Py tha

goras, which sets out from odd numbers, results at once
from the consideration of the formation of squares by the
addition of consecutive gnomons, each of which contain s
an odd number of squares . I have shown , further, that
the method attributed to Plato by Heron and Proclus,
which proceeds from even numbers, is a simple and

natural extension of the method of Pythagoras : indeed
it is diflicult to conceive th at an extension so simple and

natural could have escaped the notice of his successors .

Now Aristotle tells us that Plato followed the Pytha

goreans in many things ;21 Alexander Aphrodisiensis, in
19 Proclus

,
ed. Friedlein, p . 66 .

2° B oet . , Geom . , ed. Friedlein , p . 408 . Heiberg, in a notice of Cantor
’
s

History of Mathematics,
’
R evue Critique d

’Histoire et de L ittéraiure, 16 Mai,

1881
, pp . 3 78 , 9, remarks, ‘ Ilest diflicile de croire al

’
existence d

’
un auteur

romain nommé Archites, qui aurait écrit sur l
’
arithmétique, et dont le nom , qui

ne serait
,
dureste

,
ni grec ui latin, aurait totalement disparu avec ses oeuvres, a

l’exception de quelques passages dans B oece.

’ The question , however, still

remainsas to the authenticity of the Ars Geometriae. Cantor stoutly maintains
that the Geometry of B oethius is genuine : Friedlein, the editor of the edition

quoted, on the other handdissents ; and the great majority of philologists agree
in regarding thequestion asstillsubjudice. See R ev. Crit. loc . cit.

21Arist.
,
Met. 1. 6 , p . ed. Bek.
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his Commen tary on the Metaphysics, repeats this state
men t ;22 Asclepius goes further and says, not in many
things but in everything.

” Even Theon of Smyrna, a
Platon ist, in his work Concern ing those things which in
Mathematics are useful for the reading of Plato

,

’ says that
Plato in many places follows the Pythagoreans.“ Allthis
being considered, it seems to me to amount almost to a

certain ty that Plato learned his method for finding right
angled triangles whose sides can be expressed numerically
from the Pythagoreans ; he probably then introduced it
into Greece, and thereby got the credit of having invented
h is rule. It follows also, I think, that theArch itas refer

red to by B oethius could be no other than the greatPytha
gorean philosopher of Tarentum .

The belief in the existence of a R oman agrimensor
named Archites, and that he was the man to whom B oe

thins—or the pseudo-B oethius—refers, is founded on a
remarkablepassage of theA rsGeometride,

” which, I think,
has been incorrectly interpreted, and also on another pas
sage ia which Euclid is mentioned as prior to Arch itas.

"

The former passage, which is as follows —‘ Sedjam tem

pus est ad geometricalis men sae traditionem ab Arch ita
,

non sordido hujus disciplinae auctore, Latio accommo

datam ven ire, si prius praemisero,
’

&c . , is translated by
Can tor thus B ut it is time to pass over to the commun i
cation oi the geometrical table, wh ich was prepared for
Latium by Arch itas, no mean author of this science, when
I shall first have mentioned,

’ this, in my opin ion , is
not the sense of the passage. I think that ab Archita
should be taken with traditionem, and not with accommo

32 Alex. Aph . , S chol. in Arist .
,
B rand. , p . 8 .

”3 Asclep. , Schol. lac . cit. , p . 3 5 .

24 Theon . Smyrn . Arithm , ed. deGelder, p. 17 .

2° B oet. , ed. Friedlein , p . 393 .

20 1d.

,
p . 412 .

27 Cantor, Gesch . der Math .
, p . 493 .
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datam, the correc t translation being B ut it is now time
to come to the accoun t of the geometrical table as given
by Arch itas no mean authority in this branch of learn
ing ), as adapted by me to Latin readers ; when ,

’

arc . N ow

it is remarkable—andthis, as far as I know, has been over
looked—that the author of the Ars Geometriae, whoever he
may have been , applies to Arch itas the very expression
applied by Archytas to Pythagoras in Hor. 0d. I . 28

iudice te, non sordidusauctor

naturaeverique.

’

The mention of Euclid as prior to Archytas is easily
explained, since we know that for cen turies Euclid the

geometer was confounded with E uclid of Megara,“ who

was a contemporary of Archytas, but sen ior to h im .

We learn from Diogenes Laertius that he was the first
to employ scientific method in the treatment of Mechan ics ,
by introducing the use of mathematical principles ; and

was also the first to apply a mechan ical motion in the

solution of a geometrical problem, while trying to find

by means of the section of a semi-cylinder two mean
proportionals, w ith a view to the duplication of the

cube.

”9

Eratosthenes, too, in his letter to Ptolemy having

20 Th is error seems to have originatedwith Valerius Maximus (v111. an

author probably of the time of the emperor Tiberius, and was current in the

middle ages.
29
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D iog . Laert . loc . cit. ed. Cobet . , p . 224.

That is, he first propounded the aflinity and connection of Mechanics and

Mathematics with one another, by applying Mathematics to Mechanics, and

mechanicalmotion to Mathematics.

This seems to be themean ing of the passage but Mechanics, or rather S ta

tics, was first raised to the rank of a demonstrative science by Archimedes, who
founded it on the principle of the lever. Archytas, however, was a practical
mechanician andhiswooden flying dovewas thewonderofantiquity. Favorinus,
see Aul. Gel] N octesAtticae, x. 12 .
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poin t 8 : furtherlet fizz be drawn parallel to us. Now let

it be conceived that a semicylinder is erected on the sem i
circle aB8, at right angles to it : also, at right angles to it,
let there be drawn on the line asa semicircle lying in the
parallelogram of the cylinder. Then let this semicirc le be
turned round from the poin t 8 towards B , the extrem ity a

of the diameter remain ing fixed ; it will in its circuit cut
the cylindrical surface and describe on it a certain l ine.

Again , if, the line a8 remain ing fixed, the triangle " abe

turned round, with a motion contrary to that of the sem i
circle

,
it will form a con ical surface with the straight line

arr, which in its circuit will meet the cylindrical line[i . e. the

line which is described on the cylindrical surface by the

motion of the sem icircle] in some poin t ; at the same time
the poin t [3 w ill describe a sem icircle on the surface of the
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cone. Now, at the place” of meeting of the lines, let the
sem icircle in the course of its motion have a position
and the triangle in the course of its opposite motion a

position Ska ; and let the point of the said meeting be e.

A lso let the semicircle described by B be Bat, and the

common section of it and of the circlefiSZa be [it now

from the point a: let a perpendicular be drawn to the plane
of the semicirclefiSa ; it will fall on the periphery of the

circle, because the cylinder stands perpendicularly. Let it
fall, and let it be an ; and let the line join ing the points z
and a meet the line fit: in the poin t 0; and let the right
line ah meet the semicircle But in the poin t p ; also let the
lines x8

’

, yr, 7140be drawn .

S ince, then , each of the sem icircles S
'

xa, But is at right
angles to theunderlying plane

,
and, therefore, theircommon

section 740 is at right angles to the plane of the circle ;
so also is the line 710at right angles to BZ. Therefore, the
rectangle under the lines 03 , OZ that is, under 0u, 01 ; is
equal to the square on 740. The triangle apt is therefore
similar to each of the triangles ” 00, and the angle

qua is right. B ut the angle S'xa is also right. Therefore,
the lines

‘

xS
’

, m are parallel . And there will be the propor
tion —As the line S’a is to are, i .e. xa to at, so is the line i t:

to up, on accoun t of the sim ilarity of the triangles . The

four straight lines S’a, an, at , up are, therefore, in continued
proportion . Also the line a); is equal to 7 , since it is equal
to the line of) . So the two lines a 7 being given , two

mean proportionals have been found, viz . ax, ar.
’

Although this extract from the H istory of Geometry of

Eudemus seems to have been to some exten t modern ised
by the om ission of certain archaic expressions such as
those referred to in the preceding chapter (p . 7 2 , n . 45 )

[and by the introduction of the phrase parallelogram of

3’ baffl e 89; Oéaw na‘rh rbv r61rov riis arms-refin ers raw7 papu6vrb h is xwo6~

juror! {mu tilat ion é s ri m f or? AKA.
, &c .
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the yet thewholepassage appears to me to bear
the impress of Eudemus’s clear and concise style : further,
it agrees perfectly with the report of Diogenes Laertius,
and also w ith the words in the letter of Eratosthenes to
Ptolemy which have been given above. I f now we

exam ine its contents, and compare them w ith those of the
moreancient fragmen t, weshall finda remarkableprogress .

The following theorems occur in it

(a). I f a perpendicular be drawn from the vertex of a

righ t-angled triangle on the hypotenuse, each side is a
mean proportional between the hypotenuse and its ad

jacen t segment.“

The perpendicular is the mean proportional be
tween the segments of the hypotenuse ; 3" and

, conversely,
if the perpendicular on the base of a triangle be a mean
proportional between the segments of the base, the ver
tical angle is righ t.

(c). I f two chords of a circle cut one another, the rect
angle under the segmen ts of one is equal to the rectangle
under the segments of the other. This was most probably
obtained by sim ilar triangles, and, therefore, required the

following theorem , the ascription of which to Hippocrates
has been questioned.

(d). The angles in the same segment of a circle are

equal to each other.

(e). Two planes which are perpendicular to a th ird
plane intersect in a line wh ich is perpendicular to that
plane, and also to their lines of intersection w ith the third
plane.

Archytas, as we see from h is solution
, was familiar

[The term parallelogramwas inventedby E uclid seeProclus, ed. Friedlein ,
pp. 392, 3 . Cf. Heiberg, L itterargesch ich tlicheS tudieu fiber E uklzd, p . 3

3‘ Thewhole investigation is, in fact, basedon this theorem .

3° The solution of the D elian problem attributed to Plato
,
and by Me

naechmus, are founded on this theorem .
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The sense he must have rendered faithfully, and thus the
conclusions we have drawn as to the stereometrical know
ledge ofArchytas remain
This reason ing of Can tor is based on a m isconception

of the mean ing of the passage in which the word rdrroc

occurs ; rdrroc in it merely meansplace, as translated above.

Though Cantor’s argument, founded on the occurrence of
the word r61roc, is not sound ; yet, as I have said, the
solution of Archytas involves the conception of geometrical

loci, and the determination of a point by means of their
in tersection—not merely ‘

the beginn ings of the concep

tion ,

’ as Cantor supposes ; for surely such a notion could
not first arise with a curve of double curvature. The first
beginn ing of this notion has been referred to Thales in the

first chapter” (p .

Further, Archytasmakes use ofthe theorem of Thales
the angle in a sem ic ircle is right. He shows, moreover,
that nH is a mean proportional between alland 0c, and

concludes that the angle ma is right : it seems to me, there
fore, to be a fair inference from this that hemust have seen
that the point it may lie anywhere on the circumference of
a circle of which at is the diameter. Now E utoc ius, in his
Commentaries on the Con ics of Apollon ius,” tells us What
the old geometers meant by Plane Loci, and gives some
examples of them , the first of which is this very theorem .

It is as follows

3‘ Cantor
,
Gesch . clerMath , p. 197 .

37 Speaking of the solution of the D elian Problem by Menaechmus
,
Favaro

observes AvvertiamoespressamentecheMeneemonon fuegli stessol’inventore
di questadottrina [deiluoghi geometrici]. Montucla (HzlrtoiredesMathématiques,
nouvelle edition, tome premier, a Paris, An . VI L ,

p . e Chasles (AW
h istorique, B ruxelles, 183 7 , p . 5 ) la attribuiscono alla scuola di Platone ; G.

J ohnston Allman (Greek Geometry f rom Thales toE uclid, D ublin, 18 7 7 , p . 171)
la fa risalire a Talete, appoggiando la sua argumentaz ione con valide ragioni .

’

Antonio Favaro, N otiz ie S torico Cn ‘

tiche sulla Contm z ione delle E quaz ioni .
Modena, 18 78, p . 2 1.

soApollonius, Con ic. , ed. Halleius, p . 10 .



Archy tas. 117

A fin ite straight line being given , to find a point from
which the perpendicular drawn to thegiven line shall be a
mean proportional between the segments . Geometers call
such a poin t a locus, since not one poin t only is the solu
tion of the problem , but the whole place which the circum
ference of a circle described on the given line as diameter
occupies : for if a sem icircle bedescribed on the given line,
whatever poin t you may take on the circumference, and
draw from it a perpendicular on the diameter, that point
will solve the problem .

’

E utoc ius then gives a second example—‘A straight
line being given , to find a poin t without it from which the
straight lines drawn to its extrem ities shall be equal to
each other —on which he makes observations of a similar
character, and then adds To the same effec t Apollon ius
him self writes in his L ocus R esolutus, with the subjoined

[figure]
Two points in a plane being given , and the ratio

of two unequal lines being also given
,
a c ircle can be

described in the plane, so that the s traight lines in
flec ted from the given poin ts to the circumferen ce of the
circle shall have the same ratio as the given
Then follows the solution

,
which is accompan iedwith a

diagram . Asthis passage is remarkable in many respects,
I give the original
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ital7W “ ar
’

rrbs
'

Arohh6 rros iv" 3drakvoju
'

vrp 7 67 9 , h i 7 03 {rs
-
octet

Ario Sodivrwv07 7)“ i ivburn xai M7 01: bofle
'

vros' dvia'

aw cbdera
‘

iv

Sw ardvlover iv11? i t al ypa
'

dvat xtixhov (hare f irsdab 7 6 11 Sofle
'

rraw

“ prior ir i rijv rupupe
'

petavroii uninhov d ayt i me ( basins Ati‘yaw 3x0 1
;

rbvar
'

n bvfl ? 800C
'

W t.

I t is to be observed, in the first place, that a con trast is
here made between Apollon ius and the old geometers (oi
wahawlyrwpirpac), the same expression which , in p. 90 , we

foundwas used by Pappus in speaking of the geometers be
fore the timeofMenaechmus. Secondly, on exam ination it
will be seen that loci, as e. g . those given above, partake of
a certain ambiguity, since they can be enunciated either as
theorems or asproblems ; andwe sh all see laterthat, about
the m iddle of the fourth century B . C .

,
there was a discus

sion between Speusippus and the ph ilosophers of the Aca
demy on the one side, andMenaechmus, the pupil and, no

doubt, successor of Eudoxus, and the mathematician s of
the school of Cyz icus, on the other, as to whether every
thing was a theorem or everyth ing a problem the mathe
matic ians

, as m ight be expected, took the latter view , and

the philosophers
,
just as naturally, held the former. N ow

it was to propositions of this ambiguous character that the
term porism, in the sen se in which it is now always used,
was applied—a sign ification which was quite consisten t
w ith the etymology of the word.

‘0 Lastly, the reader will
not fail to observe that thefirst of the threeloci given above

3° Heiberg, in his S tudien uber E uklid, p . 70, reads rb h andgun ,
andadds

in a note that Halley has broncrpirqv, in place of vb cir culars” , a statement

which is not correct. I have interpreted Halley's reading as referring to the

subjoineddiagram .

40 wopffeaOar, toprocure. Thequestion is
—in a theorem

,
toprove something ;

in aproblem to construct something ; in a porism,
tofind something . So the

conclusion of the theorem is, 81m; 586 : Belem, Q. E . D .
, of the problem, burp

5891 norijo'at , Q. E . F . , andof the porism , brep 565 1 cbpc
'

ir, Q. E I . Amongst the

ancients thewordporism had also another sign ification, that of corollary. See

Heiberg , S tud. fiber E ukl.
, pp. 56

-79, where the obscure subjec t ofporisms is
treatedwith remarkable clearness.
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semicylinderwith that of the cone described by the revo
lution of the triangle u s: the intersection of thesecurves
gives the point x, and then the poin t 4, by means of which
the problem is solved. Now, in order to determine the
poin t x, it will be sufficient to find the projections of these
two curves on the vertical plane on a8, which con tains the
axes of the three surfaces of revolution concerned, and

which Archytas calls the parallelogram of the cylinder.

The projection on this plane of the curve of intersection of

the tore and sem icylinder can be easily found : the pro

jection of the poin t x, for example, is at once obtained by
drawing from the poin t t, which is the projection of th e

poin t x on the horiz ontal plane aBS, a perpendicular 45 on

a3, and then at the poin t Eerecting in the vertical plane a
perpendicular En equal to m, the ordinate of the sem icircle
axS

’

, corresponding to the point r; and in like manner for
all otherpoin ts . Theprojection on the same vertical plane
of the curveof in tersection of theconeand semicylinder can
also be found: for example, the projection of the poin t x,
which is the intersection of art andat, the sides of the cone
and cylinder, on the vertical plane, rs the intersection of

the projections of these lines on that plane the latter pro
jection is the line Em and the former is obtained by draw
ing in the vertical plane, through the point e, a line w

perpendicular to a?) and equal to 071, the ordinate of the

sem icircleBat, and then join ing av, and producing it to
meet and so for all other points on the curve of inter
section of the cone and cylinder.

“ So far F lauti .
Each oftheseprojections can beconstructedby points
To find the ordinate of the first of these curves cor

responding to any poin t E, we have only to describe a
square

,
whose area is the excess of the rectangle under the

line a8 and a mean proportional between the lines a8 and
aE, over the square on the mean : the side of this square is

‘5 Flauti
,
Geometria di S ito, terza ediz ione. N apoli, 1842, pp . 192

-194.
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the ordinate required.

“ I n orderto describe the projection
of the intersection of the cone and cylinder, it will be suffi
cient to find the length, aE, which corresponds to any ordi
nate, £1, 1x) , supposedknown , of this curve ; and to cfiect
this we have only to apply to the given line at a rectangle,
which shall be equal to the square on the line Em and

which shall be excessive by a rectangle sim ilar to a given
one, namely, one whose sides are the lines asand ac

i .e. the greater of the two given lines, between which the
two mean proportionals are sought, and the third propor
t ionalto it and the less ."

45 For, as 18
’ = ¢ r (a8

'

at) but a8
'

118 ;

therefore, Again , since a8 : at 6 1 2 4 6,

wa s (Vas a-a) .

0a Be” 08 . N ow er, andor: $1, ac

we have, therefore, Be? 0e2.

Hence, at
:

,g
z
’

st
i
n t

hencewe get a8 as;

and
,
finally, since as aB aB :ae,

we have 28:
at.

aB’

The equationsof these projec tions can , as M. PaulTannery has shown (Sur
les Solutionsdu Problémede D élospar Archy tas etpar E udoxe, Mémoiresdela

Société des S ciences physiques et naturelles de B ordeaux, 2° série, tome

p . beeasily obtainedby analytic geometry . Taking, as axesof co-ordinates,
the line ah, the tangent to the circle «as at the poin t a, and the side of the

cylinder through the point a, the equations of the three surfaces are :
the cylinder, arz y

?" ax ;

the tore, x2+y
2+s“ aVx’ y

2

0
d
z

the cone, x +y
2 4. 3

2

35

where a andb arethelinesasand a5 , between wh ich the twomean proportionals
are sought.
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So much ingenuity and ability are shown in the treat
ment of this problem by Archytas, that the investigation
of these projections, in itself so natural ,“ seems to have
been quite within his reach, especially as we know that
the subject of Perspective had been treated of already by
Anaxagoras and Democritus (see pp . 79, It may be
observed, further, that the construction of the first projec
tion is easily obtained ; and as to the construction of the

second projection , we see that it requires merely the solu
tion of a problem attributed ta the Pythagoreans by
Eudemus, simpler cases of which we have already met

w ith (see p . 24 (e), andpp . 4 1, 7 2 , n . 4o). On theotherhand,

it should be noticed— 1
° that we do not know when th e

description of a curve by poin ts was first made ; 2
° that

the second projection, which is a hyperbola, was obtained
later by Menaechmus as a section of the cone ; 3

°
and

lastly, that the names of the con ic sections—parabola, hyper
bola, andellipse—derived from the problems concern ing the
application , excess, and defect of areas, were first given to
them by Apollon ius.“

We easily obtain from these threeequations

and Vx" z“ a’h.

Thelast two give thefirst andsecondmean proportionalsbetween 6 anda .

We also obtain easily the projectionson the plane of an of the curvesof inter

section of the cylinder and tore
s" aV; (Vt

—
z V3 ),

andof the cylinderandcone,

These resultsagreewith thoseobtainedabove geometrically.
‘9 La recherche des projec tions surles plans donnésdes intersectionsdenx a

deux des surfaces auxiliaires est, a cet égard, si naturelle que, si l’on pent
s
'

étonnerd
’
nne chose, c

’
est précisément qu’ Archytas ait conserveasa solution

nne forme purement theorique. P. Tannery , loc . cit. , p . 279 .

‘9 Seesupra, p . 24, and n . 26 : see alsoApollonii Con ica, ed. Halleins, p . 9,
also pp. 3 1, 33 , 35 ; and Pappi Collect . , ed. R ultsch , vol. p . 6 74 ; and
Proclus, ed. Friedlein, p . 419,
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to some admitted principle, andwhich Plato, as they say,
transmitted to Leodamas, who is reported to have become
thereby the discoverer of many geometrical theorems.“
Some authors, on the other hand, think, andas it seems

—to mewith justice, that thesepassages prove nothing more
than that Plato commun icated to Leodamas of Thasos this
m ethodof analysis with which he had become acquain ted,
most probably, in Cyrene and Italy.

“ It is to be remem

bered that Plato—who in mathematics seems to have been
painstaking rather than inventive—has not treated of this
method in any of his numerous writings, nor is he reported
to have made any discoveries by means of it , as Leodamas
and Eudoxus are said to have done, and as we know
Archytas and Menaechmus did. Indeedwe have on ly to
compare the solution attributed to Plato of the problem of

finding two mean proportionals—which must be regarded
as purely mechan ical, inasmuch as the geometrical theo
rem on which it is based is met with in the solution of

Archytas—with the highly rational solutions of the same
problem by Archytas and Menaechmus, to see the w ide
interval between them and h im in a mathematical point of
view. Plato, moreover, was the pupil of S ocrates, who
held such mean views of geometry as to say that it m ight
be cultivated on ly so far as that a person might be able to
distribute and accept a piece of land by measure.

“ We

know that Plato, after his master
’s death, wen t to Cyrene

“3 MfOobor 8} 8pm rapabfaow av am id" ; air i) 81&
‘rhs brawn “ lrr

’

hpx
'lpr

6pokoyovplmr b d'yow a rb (madma n, i n real6 I n dra” ,
i s spam, Accounts” :

raplbmrcv. hp
’

i s realbrain s t aM a
‘

iv narh wash er
-
play sniper!” lardm ar ye

n
’

o
‘Oar.—Proclus, ed. Friedlein , p . 2 11.

54 J. J . deGelder quotes these passages of D iogenes Laertius and Proclus
,

and adds: Haec satis testantur doctissimum Montucla methodi analyticae

inventionem perperam Platoni tribuere. B rnckerum rectius scripsisse existimo ;

scilicet eos, qui Platonem hanc methodnm invenisse volunt, non cogitare, illnm

audivisseTheodorum Cyrenaenm,
celeberrimum Geometram , quem hanc rationem

reducendi quaestiones ad sua principia ignoravisse, non verosimile est (B ruckeri,
H ist. Crit. Ph il. , tom . 1. p . —D e Gelder, Theon is Smyrn . Arithm . , Prae

monenda, p . xlix.
,
Lugd. B at .

5 5 Xenophon , Memorab. , Iv. 7 ; B iog. Laert., 11. 32, p . 41, ed. Gobet.
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to learn geometry from Theodorus, and then to the Pytha

goreans in Italy. Is it likely, then , that Plato, who, as far
as we know,

never solved a geometrical question , should
have invented this methodofsolving problems in geometry
and taugh t it to Archytas, whowas probably his teacher,
and who certain ly was the foremost geometerof that time,
and that thereby Archytas wasled to his celebrated solu
tion of the Delian problem i

The former of the two reasons advanced by B ret
schneider,

“

and given above, has reference to and is based
upon the following well-known and remarkable passage of
the R epublic of Plato . The question under consideration
is the order in which the sciences should be studied
having placed arithmetic first, and geometry—i . e. the

geometry of plane surfaces—second, and having proposed
to make astronomy the third, he stops and proceeds

Then take a step backward, forwe have gone wrong
in the order of the sc iences.

’

What was the mistake he said.

Afterplane geometry, ’ I said, we took sol ids in revola
tion , instead of taking solids in themselves whereas, after
the second dimension the th ird, which is concerned w ith
cubes anddimensions of depth , ought to have followed.

’

That is true, S ocrates ; but these subjects seem to be
as yet hardly explored.

Why, yes,
’ I said

,

‘
and for two reasons : in the first

place, no governmen t patron ises them , which leads to a
wan t of energy in the study of them , and they are difiicult ;

in the second place
,
studen ts cannot learn them un less

they have a teacher. B ut then a teacher is hardly to be
found ; and even if one could be found, as matters now

stand, the students of these subjec ts, who are very con

ceited, would not m ind h im . That, however, would be

otherwrse if the whole state patron ised and honoured
th is science ; then they would listen , and there would be
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continuous and earnest search, and discoveries would be
made ; since even now , disregarded as these studies are

by the world, and maimed of their fair proportions, and
although none of their votaries can tell the use of them ,

still they force theirway by their natural charm , and very
likely they may emerge into light.

’

Yes,
’

he said, there is a remarkable charm in them .

But I do not clearly understand the change in the order.

First youbegan with a geometry of plane surfaces
‘Yes,

’ I said.

And youplacedastronomy next, and then youmade a
step backward ? ’

Yes,
’ I said, the more haste the less speed ; the

ludicrous state of solid geometry made me pass over this
branch andgo on to astronomy h or motion of solids .

’

True,
’
he said.

Then regarding the science now omitted as supplied,
if only encouraged by the S tate, let us go on to astro
nomy .

’

That is the natural order,
’

he said.

Cantor, too, says that stereometry proper
, notwith

standing the knowledge of the regular solids, seems on

the whole to have been yet [at the time of Plato] in a very
backward and in confirmation of his opin ion quotes
part of a passage from the L aws.

“ It will be seen
,
how

ever, on reading it to the end, that the ignorance of the

Hellenes referred to by Plato, and denounced by h im in

such strong language, is an ignorance—not, as Cantor
thinks, of stereometry—but of incommensurables.
We do not know the date of the-R epublic, nor that of

the discovery of the cubature of the pyramid by Eudoxus,

5 ‘ Plato, R ep. , VI I . 528 ; Jowett, theD ialoguesof Plato, vol. pp. 363, 364.

5 7 Can tor, Gesch . derMath , p . 193 .

asPlato, Leges, V I L , 8 19, 820 ; Jowett, op. cit . , vol. I V ., pp, 333, 334.
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CHAPTER V.

EUDOXUS .

Eudoxusof Cnidus—Hislife.
—Founded the Schoolof Cyz icus.

—Noticesof his
Geometricalwork—E xamination of and inferences from these Notices.

Eudoxusdiscovered the Cubature of the Pyramid, invented the Method of

Exhaustions, andwas the Founderof theD octrineof Proportion asgiven in

the Fifth Book of E uclid—m an ia“ ” canal and Hippopede.
—R etro

spectiveview of the progress of Geometry .—E ffect of the D ialec tic Method

in general, and, in particular, in Geometry. -N ecessity of recasting the

methodsof investigation andproof—E stimate of the servicesof Eudoxus
Though his famewasvery great in antiquity, yet hewas for centuriesunduly
depreciated.

—Justice is now done to him .
—His place in the History of

Science.

EUD OXUS of Cn idus‘—astronomer, geometer, physician ,

lawgiver—was born about 407 B . and was a pupil of
Archytas in geometry, and of Ph ilistion , the S icilian [or
Italian Locrian] , in medicine, as Callimachus relates in his
Tablets. Sotion in h is Successions, moreover, says that he
also heard Plato ; for when he was twenty-three years of
age and in narrow circumstances, he was attracted by the
reputation of the Socratic school, and, in company with
Theomedon the physician , by whom he was supported, he
wen t to Athens, where—or rather at Piraeus—he remained
two months, going each day to the city to hear the lectures
of the S ophists, Plato being one of them , by whom, how

ever, he was coldly received. He then returned home,
and, being again aided by the contribution s of his friends ,
he set sail for Egypt w ith Chrysippus—also a physician ,
and who, as well as Eudoxus, learnt medicine from Philis
tion—bearing w ith h im letters of recommendation from
Agesilaus to Nectanab is, by whom he was commended to

D iog. Laert., V I I I . , 0. viii ; A . Boeckh , ueber die viery
'

a
'

hngen Sonnenkreiu
der Alten , vorsiiglich den E udox ischen , Berlin , 186 3.
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the priests. When he was in Egypt with Chonnph is of
Heliopolis, Apis lickedh is garment, whereupon the priests
said that he would be illustrious (ZvSoEov) , but short-lived.

‘

He remained in Egypt one year and four months, and
composed the Octaé

'

terzP—an octenn ial period. Eudoxus
then—his years of study and travel now over—took up
his abode at Cyz icus, where he founded a school (wh ich
became famous in geometry andastronomy), teaching there
and in the neighbouring cities of the Propontis ; he also
wen t to Mausolns. Subsequently, at the height of h is
reputation , he returned to Athens , accompan ied by a g reat
many pupils

,
for the sake, as some say, of annoying Plato,

because formerly he had not held h im worthy of attention .

S ome say that, on one occasion , when Plato gave an en ter
tainmen t , Eudoxus, as there weremany guests, in troduced
the fash ion of sitting in a semicircle.

‘ Aristotle tells
us that Eudoxus thought that pleasure was the summum

bouum and, though dissen ting from his theory, he praises
Eudoxus in a manner which w ith h im is quite unusual
‘And his words were believed, more from the excellence
of his character than for themselves ; for he had the repn

tation of being singularly virtuous, oa
'

rppwv: it therefore
seemed that he did not hold th is language as being a

3 Boeckh thinks
,
and advances weighty reasons for his opinion , that the

voyage of E udoxus to E gypt took placewhen hewasstillyoung—that is, about
3 78 a. c . ; and not in 362 B . c . ,

in which year it is placedbyLetronne andothers.

Boeckh shows that it is probable that the letters of recommendation from

Agesilans to Nec tanabis, which Eudoxus took with him, wereof a much earlier

date than the military expedition of Agesilans to E gypt. I n this view Grote

agrees. See B oeckh
,
Sonnenkreise, pp . 140

-148 ; Grote, Plato, vol. L , pp. 120
124.

3 The Oc taeteris was an intercalary cycle of eight years, which was formed
with the object of establishing a correspondence between the revolutions of the

sun andmoon ; eight lunar years of 354 days, togetherwith three monthsof 30

days each , make up 2922 days: this is precisely the number of days in eigh t

yearsof 365} days each . Thisperiod, therefore, presupposesa knowledge of the
truelength of the solar year ; its invention , however, is attributedby Censorinus
to Cleostratus.

I s this the foundation of the statement in Grote
’
s Plato, vol. p . 124

the two then became friends P
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friend to pleasure, but that the case really was so.

" On

his return to his own country he was received with great
honours—as is man ifest, Diogenes Laertius adds, from the

decree passed concern ing h im—and gave laws to h is fel
low-citizens ; he also wrote treatises on astronomy and

geometry, and some other important works. He was

accounted most illustrious by the Greeks, and in stead of

Eudoxus they used to call h im E ndoxus, on account of the
brilliancy of h is fame. He died in the fifty

-th ird year of
h is age, circ. 3 54 B . C .

The above account of the life of Eudoxus, with the ex
ception of the reference to Aristotle, is handed down by
Diogenes Laertius, and rests on good authorities.

‘ Un

fortunately, some circumstan ces in it are left undetermined
as to the time of their occurrence. I have endeavoured to
presen t the even ts in what seems to me to be their natural
sequence. I regret, however, that in a few particulars as to
their sequence I am obliged to differ from B oeckh , who

h as done so much to give a just view of the life and career
of Eudoxus, and of the importance of his work, and of the
high character of the school founded by h im at Cyz icus .
B oeckh thinks it likely that Eudoxus heard Archytas in
geometry, and Ph ilistion in medic ine, in the in terval be
tween h is Egyptian journey and h is abode at Cyz icus.

’

Grote, too, in the notice which he gives of Eudoxus,
takes the same view . He says Eudoxus was born in
poor circumstances ; but so markedwas his early prom ise,
th at some of themedical school at Kn idus assisted h im to
prosecute his studies—to visit Athens, and hear the So

ph ists, Plato among them—to visit Egypt , Tarentum

5 Aristot. E th . N ic . ,
x. 2, p . 1172 , ed. B ek.

0 Callimachus of Cyrene ; he was invitedby Ptolemy I I . ,
Philadelphus

,
to a

place in the Museum ; and was chieflibrarian of the library of Alexandria ; he
held this oflice from about 250 B . C . untilhisdeath , about 240 B . C . Hermippns

of Smyrna. Sotion ofAlexandria flourishedat the close of the thirdcentury B . c .

ApollodorusofAthens flourished about the vear 143 B . C .
—Smith ’

sD ictionary .

7 Boeckh ,
Sonnenkreise, p . 149.
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the probability is that he became acquainted w ith some
physicians of Cn idus as fellow-pupils of Ph ilistion .

The geometrical works of Eudoxus have unfortunately
been lost ; and only the following brief notices of them
have come down to us
(a). Eudoxus of Cn idus, a little younger than Leon , and

a compan ion of Plato’s pupils, in the first place increased
the number of general theorems

,
added three proportion s

to the three already existing , and also developed further
the things

’

begun by Plato concern ing the sec tion [of a
line], making use, for the purpose, of the analytical

(b). The discovery of the three later proportions, te

ferred to by Eudemus in the passage just quoted
,
is at

tributed by I amblichus to Hippasus, Archytas
, and

Eudoxus ; “

(c). Proclus tells us that Euclid collected the elemen ts,
and arrangedmuch of what Eudoxus haddiscovered.

(d) . We learn further from an anonymous scholium on

the Elemen ts of Euclid, which Knoche attributes to Pro
clus, that theFifth B ook, which treats of proportion ,

is com
mon to geometry, arithmetic, music, and, in a word, to all
mathematical science ; and that thisB ook isfsaid tobe the
inven tion of Eudoxus (155365011 rrvbc roi

'

; flhérwvoc Sedan

xdhov)
(e). Diogenes Laertius tells us, on the authority of the

Chron icles of Apollodorus, that Eudoxus was the disco
verer of the theory of curved lines (ebpei

'

v re rdwept f ire kap

m
’

rhac 7 90117169)
(f ). Eratosthenes says, in the passage quoted above

10 Proclus, ed. Friedlein
, p . 6 7 see I ntroduction

,
p. 4.

1‘ I ambl. in N ic . Arithm .
, ed. Tennulius, pp . 142 , 159, 163 .

12 Proclus, ed. Friedlein, p . 68 see introduction , p . 5 .

13 E nclidisE lem . , ed. August. , pars ii . , p . 328 ; Knoche, Un term hung
‘m

&c . , p. 10 : see p. 49.

D iog . Laert. , vr11. , 0. viii. , ed. Gobet
, p. 226 .
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(p. 1 that Eudoxus employed these so called curved lines
to solve the problem of finding two mean proportionals
between two given lines ; and in the epigram which
concludes h is letter to Ptolemy E ratosthenes asso
ciates h im w ith Archytas and Menaechmus ;

(g). I n the history of the ‘Delian Problem ’ given by
Plutarch , Plato is stated to have referred the Delians, who
implored his aid, to Eudoxus of Cn idus or to Helicon of
Cyz icus, for its solution
(h ). We learn from Seneca that Eudoxus first brought

back with h im from Egypt the knowledge of the motions
of the planets and from S implicius, on the authority of
E udemus, that, in order to explain these motion s, and in
particular the retrograde and stationary appearances of

the planets, Eudoxus conceived a certain curve, which he
called the h ippopede

(i ). Archimedes tells us expressly that Eudoxus disco
vered the following theorems

Any pyramid is the third part of a prism which
has the same base and the same altitude as the
pyram id

Any cone is the third part of a cylinder which has
the same base and the same altitude as the

conef °

(j) . Archimedes, moreover, points out theway in which
these theorems werediscovered: he tells us that he himself
obtained the quadrature of the parabola by means of the
following lemma I f two spaces are unequal , it is pos
sible to add their difference to itself so often that every

‘5 Archim . , ed. Torelli, p . 144 ; ed. Heiberg , p . 106 .

1‘ Archim .
,
ed. Tor. ,

p . 146 ; ed. Heib . ,
p . 112 . Somewriters translate

Oeovblos in thisepigram by ‘divine,’ but the true sense seems to be ‘God-fearing,
’

pious seeArist. (p . 129, supra) .
‘7 Plutarch

,
de Gen . Soc . 1, Opera, ed. D idot, vol. p. 699 .

"3 Seneca
, Quaest. N at. , V11. 3 .

1° B randis, S cholia in Aristot. , p .
2° Archim.

, ed. Torelli, p . 64 ; ed. Heiberg, vol. L , p . 4.
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fin ite space can be surpassed. Former geometers have’

also used this lemma ; for, bymaking use of it, they proved
that circles have to each other the duplicate ratio of their
diameters, and that spheres have to each other the tripli
cate ratio of their diameters ; further, that any pyram id is
the third part of a prism which has the same base and the

same altitude as the pyramid ; and that any cone is the

third part of a cylinder which has the same base and the

same altitude as the

Archimedes, moreover, enunciates the same lemma for
lines and for volumes, as well as for surfaces . ” And the

fourth defin ition of the Fifth B ook of Euclid—which B ook,
we have seen , has been ascribed to Eudoxus—is some
what sim ilar.

23 It should be observed that Archimedes
does not say that the lemma used by former geometers was
exactly the same as h is, but like it : his words are z—6ao

‘

1
'

ov

rq
'

i wporrpnpt
'

rupMiami 7 1 hapfidvovrec gypapob.

Concern ing the three new proportions referred to in (a)
and (b) , see pp. 44, 45 . I n Proclus they are ascribed to
Eudoxus ; whereas I amblichus reports that they are the

inven tion of Archytas and Hippasus, and says that Eu
doxus and his school (of mpi EbSoEov paflmuan xol) only
changed their names. The explanation of these conflic t

ing statements, as B retschneider has suggested, probably
lies in this—that Eudoxus, as pupil of Archytas, learned
these proportions from his teacher, and first brought them
to Greece, and that later writers then believed h im to
h ave been the inven tor of them .

"

21 Archim . , ed. Tor. , p . 18 ; ed. Herb vol. p . 296 .

22 "
8 1-1 8} ramairfares 7 pam16vrealrawairfo

'

aw£r 1¢ave16 v I tal. 7 13V dvfaaw are

pea
‘

mrb peifor 7 06 e
’

Ado'aovos bfl péxew 7 01067 41, 8 awn ar
’

rrb éaw a
‘

i Gw arbv

Garry irrepe
'

xew n ar'rbs 7 03 nporeOe
’

w os 7 6 1! wpbs W ake 716 7 0716e . Archim . ,

ed. Tor. , p . 65 ; ed. Heib .
,
vol. L , p . 10.

23 Thisdefinition is

Alyor 2e npbsdAAnAa 716 7 14017 Alye
'rar, bbva'rarwoM arAadraflperaW hiter

fin epéxcw .

2‘ B retsch .
,
Geom . vor E ukl. . p. 164.



https://www.forgottenbooks.com/join


6 Greek Geometry from Thales toEuclid.

of this book are treated there in connection with the ana

lyticalmethod, which is nowhereelsementionedby Euclid
and infers, therefore, that these theorems are the property
of Eudoxus ." Cantor repeats this observation of B ret
schneider, and thinks that there is much probability in the
supposition that thesefive theorems are due to Eudoxus,
andhave been piously preserved by Euclid.

“ Heiberg, in
a noticeof Cantor’s Vorlesungen uber GeschichtederM athe

matik, already referred to, has pointed out that these ana

lyses andsyn theses proceedfrom a scholiast thereason
ing of B retschneider and Can tor is, therefore, not con

clusive.

There is, however, I think, internal evidence to show
that thesefive propositions are older than Euclid, for

r. The demonstrations of the first four of these theo
rems dependon the dissection of areas, and use is made
in them of the gnomon—an indication , it seems to me, of
their an tiquity .

2 . The first andfifth of these theorems can be obtained
at once from the solution of Euclid II. 11 andof these two
theorems the third is an immediate consequence; the solu
tion , therefore, of this problem given in B ook II. must be
of laterdate.

These theorems, then , regard being had to the passage
of Proclus quoted above, may , as B retschneider andCantor
think,be due to Eudoxus : it appears to me, however, to
be more probable that the theorems have come down from
an older time ; but that the definitions of analysis and

synthesis given there, and also the 13
'

n (or aliler proofs) ,

2" Bretsch Geom. vor E ukl., p . 168 .

2" Cantor, Gesek. derMath . , p . 208 .

29 R ev. Crit. , &c . , 16 Mai
,
188 1

,
p . 380 .

‘P. 189 et surtout, p . 236 , M . C .

parait accepter pour authentiques les syntheses et analyses insérées dans les
élémentsd’E nclide (xiii . 1 Elles proviennent d’

un scholiaste
,
cc qui ressort,

d
'

aillenrs, de cc que, danslesmanuscrits, elles se trouvent tautetjuxtaposéesaux
theses11110 anne, tantot rénniesapresle chap . xiii . 5 .
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in which the analytical method is used, are the work of

E udoxus .

”

Asmost of the editions of the E lements do not contain
the Thirteenth B ook, I give here the enunciations of the

first five propositions

PR OP. I . I f a straight line he cut in extreme andmean
ratio, the square on the greater segment, increased by half
of the whole line, is equal to five times the square of half
of the whole line.

PR OP. I I . I f the square on a straight line is equal to
five times the square on one of its segmen ts, and if the
double of this segmen t is cut in extreme and mean ratio,
the greater segmen t is the remain ing part‘ of the straight
line first proposed.

PR OP. III . I f a straight line is cut in extreme andmean
ratio, the square on the lesser segmen t, increased by half
the greater segment, is equal to five times the square on
h alf the greater segmen t.

PR OP. I V . I f a straight line is cut in extreme and

mean ratio, the squares on the whole line and on the

lessersegmen t, taken together, are equal to three times
the square on the greater segment.

PR OP. V. I f a straight line is cut in extreme andmean
ratio, and if there be added to it a line equal to the greater
segment, the whole line willbe cut in extreme and mean
ratio, and the greater segmen t will be the line first pro
posed.

From the last of these propositions it follows that, if a
line be cut in extreme and mean ratio, the greater seg

30 I have sincelearned that D r. Heiberg takes the sameview ; he thinks that
Cantor

’

s supposition—or rather, as he should have said, B retschneider
’

s—that

these defini tions are due to Eudoxus is probable. Zeitschnf t f ic
'

r lilath . und

Phys. , X XIX . Jahrgang, p . 20, 1883—4.
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ment will be cut in a similar manner by taking on it a
part equal to the less ; and so on con tinually ; and it te
sulta from Prop. III . that twice the lesser segment exceeds
the greater. I f now reference be made to the Tenth B ook,
which treats of incommensurable magnitudes, wefind that
the first proposition is as follows Two unequal magn i
tudes being given

,
if from the greater a part be taken

away which is greater than its half, and if from the t e

mainder a greater part than its half
, and so on , there w ill

remain a certain magn itude which w ill be less than the

lesser given magn itude and that the sec ond proposition
is Twounequal magn itudes being proposed, if the lesser
be continually taken away from the greater, and if the
remainder never measures the preceding remainder, these
magn itudes will be incommensurable lastly, in the third
proposition we have the method of finding the greatest
common measure of two given commensurable magn i
tudes . Taking these propositions together, and consider
ing them in connection w ith those in the Thirteenth B ook ,
referred to above, it seems likely that the writer to whom
the early propositions of the Tenth B ook are due had in

view the section of a line in extreme and mean ratio, out
of which problem I have expressed the opin ion that the
discovery of incommensurable magn itudes arose (seep.

This, I think, afl
'

ords an explanation of the place occu
pied by Encl . X . r in the E lemen ts, which would otherwise
be difficult to account for : we m ight rather expect tofind
it at the head of B ook XII . , since it is the theorem on

which the Method of Exhaustions, as given by Euclid in
that book

,
is based, and by means of which the following

theorem s in it are proved

Circles are to each other as the squares on their
diameters, XII . 2

A pyram id is the third part of a prism having the

same base and same height, XII. 7
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familiarwith this method of reasoning. Now this indirect
kindof proof is merely a case of the Analytical Method,
and is indeed the case in which the subsequen t syn thesis,
that isusually requiredas a complement, may bedispensed
with. I n connection with this it may be observed that the
term used here, drayv‘

yf) , is the same that we met w ith
(p. 4 1, n . 6 2) on ourfirst introduction to theanalytical me
thod ; this indeed is natural, for analysis, as Duhamel re
marked, is nothing else but a methodof reduction .

”

Eutocius, in his Commentary on the treatise of Archi
medes On the SphereandCylinder, in which he has handed
down the letter of Eratosthenes to Ptolemy III., and in

which he has also preserved the solutions of the Delian
Problem by Archytas, Menaechmus, and other eminen t
mathematicians, with respect to the solution of Eudoxus,
merely says

‘We have met with the writings of many illustrious
men , in which the solution of this problem is professed ;
we have declined, however, to report that of Eudoxus,
since he says in the introduction that he has found it by
mean s of curvedlines, xaprrt

'

lhwvypapaé
'

m: in theproof, how
ever, he not on ly does not make any use of these curved
lines, but also, finding a discreet proportion , takes it as
a con tinuous one ; which was an absurd thing to con

ceive—not merely for Eudoxus, but for those who had to
do with geometry in a very ordinary
AsEutociusomittedto transmit thesolution ofEudoxus,

so I did not give the above w ith the other notices of his
geometrical work. It is quite unnecessary to defend

Eudoxus from either of the charges contained in this

passage. I will only remark, with B retschneider, that it

33 L
’

analyse n
’

est donc autre choseqn
’
uneméthodede rtduction

’

(Duhamel,
desMéthodesdansles S ciences deR aisonnemen t, premiere partie, p .

3‘ Archim.
, ed. Tor. , p . 135 ; ed. Heiberg, vol. V I . p . 66 .
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is strange that Eutoc ius, who had before h im the letter of
E ratosthenes, did not recogn ise in the complete corruption
of the text the source of the defects which he blames .“

We have no further notice of these so called curved
lines : it is eviden t, however, that they could not have been
any of the con ic sections, which were only discovered later
by Menaechmus, the pupil of Eudoxus.
There is a conjecture, however, concern ing them which

is worth noticing : M . Paul Tannery th inks that the term
xapm

'

that 7 pappai has, in the text of Eratosthenes, a par
ticular sign ification , and that, compared with , e. g . the

xamrbha roEa of Homer, it suggests the idea of a curve
symmetrical to an axis, wh ich it cuts at righ t angles, and
presen ting an inflexion on each sideof this axis . Tannery
conjectures th at these curves of Eudoxus are to be found
amongst the projections of the curves used in the solution
of his master, Archytas ; and tries to findwhether, amongst
these projections, any can be found to which the denomi
n ation in question can be suitably applied. We have seen
above,pp. 119, 120, thatFlauti has shown how the solution of
Archytas could be construc ted by means of the projections

,

on one of the vertical planes , of the curves employed in
that solution . I have further shown that the actual con
struction of these projections can be obtained by the aid of

geometrical theorems and problems known at the timeof

Archytas ; though we have no evidence that he completed
his solution in this way . Tannery has considered these
curves, and shown that the term kapm

'

lhat ypappal, in the

sensewhich he attaches to it, does not apply to either of
them ,

nor to the projections on the other vertical plane ;
but that, on the contrary, the term is quite applicable to
the project ion of the intesrec tion of the cone and toreon

th e circular base of the cylinder.

”6

3 5 B retsch . , Geom . vor E ukl., p . 166 .

3° Tannery, sur les Solutions du Probleme de D e‘los par Archy tas et par

E udoxe.
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The astronom ical work of Eudoxus is beyond the scope
of this treatise, andis only referred to in connection with
the hippopede (h) . I may briefly state, however, that he
was a practical observer, and that he may be considered
as the father of scien tific astronom ical

.

observation in

Greece’

; further, that ‘ he was the first Greek astronomer
whodevised a systematic theory for explain ing the periodic
motions of the planets ’ that he did so by means of geo
metrical hypotheses, which latterwere subm ittedto the test
of observations, and corrected thereby ; and that hen ce
arose the system of concen tric spheres which made the

name of Eudoxus so illustrious amongst the ancients.
Although this theory was substan tially geometrical,

and is in the highest degree worthy of the attention of the

studen ts of the h istory of geometry, yet to render an

account of it which would be in the least degree satisfac

tory would altogether exceed the lim its prescribed to me ;
I must, therefore, refer my readers to the excellent and

memorable monograph of S chiaparelli, ” who w ith great
ability and with rare felicity has restored the work of

Eudoxus. I n this memoir the natureof the spherical curve,
calledby Eudoxus the h ippopede, was first placed in a clear
ligh t : it is the in tersection of a sphere and cylinder ; and
on account of its form

,
wh ich resembles the figure

it is called by S ch iaparelli a sphericallemn iscate. A

passage in Xenophon , dc reequestri, cap. 7 , explains why
37 Sir George CornewallLewis, a HistoricalSurvey of the Astronomy of

theAncien ts, p . 147 , sq. London , 1862 .

33 G. V . Schiaparelli , le Sfere Omocentriche di E udosso, di Callippo e di

Aristotele (Ulrico Hoepli : Milano,
39 See S chiaparelli, loc . cit. , section v.
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tagram , wh ich might be taken to represen t both these
discoveries, was used by them as a sign of recogn ition .

I t seems to be a fair inferen ce from what precedes, that
the Pythagoreans themselves were aware that their proofs
were not rigorous, and were open to serious objection
indeed, after the inven tion of dialectics by Zeno

,
and the

great effect produced throughout Hellas by h is novel and
remarkable negative argumentation , any other supposition
is not tenable. Further, it is probable that the early
Pythagoreans, who were naturally in tent on enlarging the
boundaries of geometry, took for granted as self-eviden t
many theorems, especially the converses of those already
established. The first publication of the Pyth agorean
doctrines was made by Philolaus ; and Democritus, wh o
was intimate with h im , and probably his pupil, wrote on

incommensurables.
Meanwhile the dialectic methodandthe negative mode

of reason ing hadbecome more general, or to use the words
of Grote
We thus see that along with the methodised question

and an swer, or dialectic method, employed from hencefor

wardmore andmore in philosophical inquiries, comes out
at the same time the negative tendency—the probing

,
test

ing , and scrutin ising force-of Grecian speculation . The

negative side of Grecian speculation stands quite as pro
m inen tly marked, and occupies as large a measure of the
intellectual force of their philosophers, as the positive side.

It is not simply to arrive at a conclusion , sustained by
a certain measure of plausible premise—and then to pro
claim it as an authoritative dogma, silencing or disparag

‘3 A similarview of the subject is taken by P. Tannery
, dela solution géomé

trique desproblemes da second degré avant E nelide. Mémoires de la Société
des S ciences physiques et naturelles de Bourdeaux, tom. I V . (2° serie), p . 406 .

He says La decouverte del’incommensurabilite de certaineslongueurs entre
elles, et avant toutdeladiagonalsda carré ason cOté

, qu
’
ellesoit due an Maitreou

aux disciples, dut, deslors, etre un veritable scandale logique, nne redoutable
pierre d’achoppement.’
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ing allobjectors—that Grecian speculation aspires. To

unmask not only positive falsehood, but even aflirmation

w ithout evidence, exaggerated confidence in what was
on ly doubtful, andshow ofknowledge without the reality
to look at a problem on all sides , and set forth all the dim
culties attending its solution—to take account ofdeduction s
from the affirmativeevidence, even in the caseofconclusions
accepted as true upon the balance—all this will be found
pervading the march of their greatest thinkers. As a con
dition of allprogressive philosophy, it is not less essen tial
that the grounds of negation should befreely exposed than
th e grounds of affirmation . We shallfind the two going
hand in h and, and the negative vein

,
indeed, the more

impressive and characteristic of the two, from Zeno down
w ard, in our history .

”

As an immediate consequence of this, it would follow
that the truth ofmany theorems, which had been taken for
g ranted as self evident, must have been questioned ; and
that, in particular, doubt must have been thrown on the

whole theory of the similarity of figures andon all geome
tricaltruths resting on the doctrine of proportion indeed
it m ight even have been asked what was the mean ing of

ratio as applied to incommensurables, inasmuch as their
mere existence renders the arithmetical theory of propor
t ion inexact in its very defin ition .

“

N ow it is remarkable that the doctrineof proport ion is
twice treated in the Elemen ts—first, in a general manner,
so as to include incommensurables, in ,

B ook V . , which tradi
tion ascribes to Eudoxus, and then arithmetically in B ook
V I I . , which probably, asHankel has supposed, contains the
treatmen t of the subject by the older Pythagoreans.

“ The

twen ty-first defin ition of B ook V I I . is—
’

Ap107101 (t yph o
f

7 6 v t iarv, brav o npé roc 7 017 Sevrfpou real 6 rpfroc f or?

43 Grote, H istory of Greece, vol. V I . p . 48 .

44 See theArticleson Proportion andR atio in the E nglish Cyclopaedia.

4 5 Hankel, Oesch . derMath . ,
p . 390.
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rrréprov ioéxrc n
?

nohharrhdmoc , ii rb abrb nfpoc , ii rd 0 6rd

pe
'

pn 1110 111.

Further, if we compare this defin ition with the third,
fourth, andfifth defin itions of B ook V ., I think we can see

evidence of a gradual change in the idea of ratio, and of a

developmen t of the doctrine of proportion
1. The third defin ition , wh ich is generally considered

not to belong to Euclid,

“ seems to be an attempt to bridge
over the difficulty which is inheren t in incommensurables,
and may be a survival of the manner in which the subjec t
was treated by Democritus .

2 . The fourthdefin ition " isgenerally regardedas having
for its object the exclusion of the ratios of fin ite magn i
tudes to magn itudes which are infin itely great on the one

side, and infin itely small on the other: it seems to me,
however, that its object may have been , rather, to include
the ratios of incommensurablemagn itudes : moreover, sin ce
the doctrine of proportion by means of the apagogic me
thod of proof can be founded on the axiom which is con
nec tedwith this defin ition , andwhich is the basis of the
method of exhaustions, it is possible that the subject may
have been first presen ted in this manner by Eudoxus.

3 . Lastly, in the fifth defin ition his final and systematic
manner of treating the subject is given .

“

Those who are acquainted with the history of Greek
ph ilosophy know that a state of things somewhat sim ilar to

Aby os furl860 pey eflé
‘

w 61107 0 6 1
0 1) 1111121 ruAutdfl rra rrpbs filth nh a m a

oxims. See Camerer, E uclidis E lementorum libri sex priores, tom . 11. p . 74,
sq. , Berolini, 1824.

‘7 Ady ov 1x01»
; 1

'

p “Anita 1107 401) Aéye
-rar, a 86rara1 rroM a‘

rAamafdueva
W hite’s farepéxew .

‘8 I n connection with what precedes, we are reminded of the aphorism of

Aristotle We cannot prove anything by starting from a different genus, e.g .

nothing geometricalby means of arithmetic Where the subjec ts are so

different as they are in ari thmetic andgeometry we cannot apply the arithmetical
sort of proof to thatwhich belongs toquantities in general, unlessthesequantities
are numbers

,
which can only happen in certain cases.

’ Anal. post . 1. vii. p . 7
ed. B ek.
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S ometh ing, however, remained to be clearedup, espe
c ially with regardto h isrelations, andsupposedobligations,
to Plato.

” I am convinced that the obligations were quite
in the opposite direction , and that Plato received from
Eudoxus incomparably more than he gave. As to his
solving problems proposed by Plato, the probablity is
that these questions were derived from the same source
Archytas and the Pythagoreans. Yet I attach the highest
importance to the visit ofEudoxus to Athens ; for although
he heard Plato for two mon ths only, that time was suf

fic ient to enable Eudoxus to become acquain ted w ith the

Socratic method, to see that it was indispensable to clear
up some of the fundamental conceptions of geometry, and,
above all, to free astronomy from metaphysical mystifica
tion s, andto render the treatment of that science as real and
positive as that of geometry . To accomplish this, how
ever, it was incumben t on h im to know the celestial
phenomena, and for thispurpose—inasmuch as one human
lifewas too short—he saw the necessity of going to Egypt,
to learn from thepriests the factswhich an observation con

tinned during many centuries had brought to light, and
Which were there preserved.

I would call particular atten tion to the place which
Eudoxus filled in the history of science—with h im ,

in fact ,
an epoch closed, and a new era, still in existence, opened.

”

1deler, Journaldes Savants, 1840 : B oeckh , Sonnenkrez
’

se def Alton , 1863
S chiaparelli, Ie Sfere Omocen tn '

che, &c . ,
18 75 .

5 3 E ven those by whom the fame of Eudoxus has been revived seem to

acquiesce in this.

5 3 This has been pointed out by Auguste Comte Celle-ci [la seconde

evolution scien tifique dela Grece] commenca pourtant, avec tous ses carac teres

propres, pendant la génération an terieure a cette ere [la fondation du Musée
d

’

Alexandrie] , chez un savant trop méconnu
, qui fournit une transition normale

en tre ces deux grandes phases théoriques, composées chacune d
’
environ trois

siecles. Quoiquenullement philosophe, EudoxedeGnide fut ledem ier théoricien
embrassan t, avec un égalsucces

, toutes les speculations accessibles al’ésprit
mathématique. I lservit pareillement la géométrie et l’astronomie, tandis que,
bientot apres lui, la specialisation devint déja telle que ces deux sciences ne

purent plus étre notablement perfectionnées par les memes organes.

’ Politz
’

gue

Pon
'

h
’

ve, p . 3 16 , Paris, 1853 .
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He was geometer, astronomer, physician, lawgiver, and
was also counted amongst the Pythagoreans, and versed
in the philosophy of his time. He was, however, much
more ttze man of science, and, of all the ancien ts, no one

was m ore imbued with the true scientific and positive
spirit th an was Eudoxus : in evidence of this, I wouldpoint
to

His work in all branches of the geometry of the

day
—founding new , placing old on a rational basis, and

throwing light on all—as presen ted above.

The fact that hewas the first who made observation
the foundation of the study of the heavens, and thus be
came the father of true astronom ical science.

His geometrical hypothesis of concen tric spheres,
which was conceived in the true scien tific spirit, andwhich
satisfied allthe conditions of a scien tific research , even
according to the strict notions attached to that expression
at the presen t day .

H is practical andpositivegen ius, which was averse
to all idle Speculations.

The purely scien tific school founded by h im at
Cyz icus, and the able mathematicians who issued from
that school, and who held the highest rank as geometers
and astronomers in the fourth cen tury B . C .

We see, then , in E udoxus something quite new

the first appearance in the history of the world of the

man of science ; and, as in all like cases, this change was

5 4 I deler
,
andafter him Schiaparelli : this appears from the fact testifiedby

Cicero (vid. supra, n . that E udoxus had no faith in the Chaldean astrology
which was then coming in to fashion among the Greeks ; andalso from this—that
he didnot, likemany of his predecessors and contemporaries, give expression to
opinionsupon th ings which were inaccessible to the observations and experience
of the time. An instance of this is found in Plutarch (non posse m ar) . via. sec .

Epic . cx1.
,
vol. iv.

,
p . 1138 , ed. D idot) , who relatesthat he, insteadofspeculating,

as othersdid, on the nature of the sun , con tentedhimself with saying that ‘ he

wouldwillingly undergo the fate of Phaeton if, by so doing, he could ascertain

itsnature, magnitude, and form .

’
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efi
'

ec ted by a man who was thoroughly versed in the old

system
It is not without sign ificance, too, that Eudoxus se

lec ted the retired and pleasan t shores of the Propon tis as

the situation of the school which he founded for the trans
m ission of h is method. Among thefirst who arose in th is

school was Menaechmus, whose work I have next to con

sider.

I T is pleasing to see that the number of students of the history of mathematics
is ever increasing ; and that the cen tres in which the subject is cultivated are

becoming more numerous it is particularly gratifying to observe that the subjec t
has at last attracted attention in E ngland. D r. Heiberg, of Copenhagen , has

completedhisedition ofArchimedes: ArchimedisOperaomn ia cum commentari ir

E utocii e codice Florentino recensuit
,
Latine vertit notisqne illustravit J. L .

Heiberg , D r. Phil. , vols. 11. et 111. L ipsiae, 188 1. D r. Heiberg has been since

engaged in bringing out, in conjunction with Professor H . Menge, a complete

edition of the works of Euclid, of which two volumes have been published
E nclidis E lemen to, edidit et L atine interpretatusest J. L . Heiberg, D r. Ph il.

vol. L ibros I-lv. continens, vol. Libros 11.-xx continens
,
L ipsiae,

1884. As Heiberg
’
s edition of Archimedes was preceded by his Qu estioner

Arch imedeae, R anulae, 1879 ; so, in anticipation of his edition of E uclidhe has

published L itterargescbzckthcke S tudzen fiber E uklid, Leipz ig, 1882 , a valuable
work, to which I have referred in the fourth chapter. D r R ultsch , of D resden ,

informs me that his edition of Autolycus is finished
,
and that he hopes it will

appear at the end of this month (June, The publication of th is work
in itself so important, inasmuch as the Greek text of the propositions only of
Autolycus has been hitherto published—willhave, moreover, an especialin terest
with regard to the subjec t of thepre-Euclidian geometry. The Cambridge Press
announce a work by Mr. T . L . Heath (author of theArticles on Pappus ’

and

Porisms in theE ncy clopedia B ritann ica) on D iophantus ; a subject on wh ich

M . PaulTannery also hasbeen occupied for some time.

“5 Eudoxus may even be regardedas in a peculiar manner uniting in himself
and represen ting the previousphilosophic andscientific movemen t for—though
not an I on ian—he was a native of one of the neighbouring D orian c ities ; he

studied under thePy tkagoreans in I taly ; and, subsequen tly, he went to Athens,
being attracted by the reputation of the Socratic school.
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Tannery—relating to the period from Thales to E uclid, willenable the reader to

form an opinion on the extent of theliterature treatedof by D r. Heiberg.

Min-aim de la Societé def Sciences physique: et naturelles de B ordeaux

(20 Série) .—Tome 1, 1876 , Note surle systeme astronomique d
’Eudoxe. Tome

1878 , Hippocratede Chio et la quadrature deslunules ; Surlessolutionsdu

problemede D élosparArchytaset parE udoxe. Tome I V . , 1882, D ela solution

géométrique des Problemas da second degré avant E udoxe. Tome v.
,
1883 ,

Seconde note sur le systeme astronomique d
’
Eudoxe ; Le fragment d

’Eudeme

surlaquadraturedeslunules.

Bulletin des Sciences Mathe‘matigues et Astronomiques.
—Tome VI I 1883 ,

Notes pour l’histoire des lignes ct surfaces courbesdam; l’antiquité. Tome H . ,

1885 , Sur l
'Ari thmétique Pythagorienne. Le vrai probleme de l’histoire des

Mathématiques anciennes.

AnnalesdelafacultedeslettresdeBordeaux .
—Tome I V . ,

1882
,
Surles frag

mentsd’Eudeme de R hodes relatifsal
’histoire des mathématiques. Tomev. ,

1883 , Un fragment de Speusippe.

R evueph ilosoph iquedeFran ceet del
’etranger, dirigéepar M . R zlrot.—Mars

,

1880, Thaleset sesemprunts é Egypte.

N ovembre, 1880, Mars
,
Aoftt et Decembre, 1881, L

’
éducation Platonicienne.
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CHAPTER VI.

THE SUCCE SSOR S OF EUDOXUS .

I. MENAECHMUS .

N oticesof Menaechmus and of his work.—His Solution of the Problem of the

Duplication of the Cube.
—He discovered the three Conic Sec tions.

Passage from the R eview ofMathematics’
of Geminusquoted—Hypothesis

of B retschneideras to theway in which Menaechmuswasled to thediscovery
of the Conic Sec tions.

—Comparison of these I nvestigationswith theSolution
ofArchytas.

—Variousinferences from the noticesof thework ofMenaechmus
considered.

-Successorsof Eudoxus in the Schoolof Cyz icus—Solution of
the Problem of the Duplication of the Cube attributed to Plato -S trong
presumption against its being genuine.

—Plato’
sSolution .

—TheGeometri cal
Theoremsused in it were known to Archytas.

—R ecapitulation .

MENAE CHMUS—pupil of Eudoxus, associate of Plato, and
the discoverer of the con ic sections—is rightly con sidered
by Th . H . Martin1 to be the same as the Manaechmus of

Suidas and Eudocia
,
a Platon ic philosopher of A lope

connesus ; but, according to some, of Procon nesus, who
wrote philosophic works and three books on Plato’s

1 Theonis Smymaei Platonici L iber deAstronomia, Paris, 1849, p . 59. A .

B oeckh (ueber die vierjiihn
'

gen Sonnenkreise der Alten , Berlin , 1863 , p.
Schiaparelli (le Sfere Omocentn

'

che di E udosso, di Callippo e di Aristotele,

Milano
,
1875 , p . andZeller

, (Platoand theOlderAcademy , p . 5 54, note
E . holdthe sameOpinion asMartin : B retschneider (Geom . varE ukl. , p.
however, though thinking it probable that they were the same, says that the
question of their identity cannot be determined with certain ty. B oth Martin

and B retschneider identify Menaechmus Alopeconnesius with the one referred

to by Theon in the fragment (k) given below . Max C . P. S chmidt (D ie Frag
mentedesMathematikersMenaechmus

,
Philologus, B and XM L , p . 77 , on

the other hand, holds that they weredistinct persons, but says that it is certainly
more probable that the Menaechmus referred to by Theon was the discovererof
the conic sec tions, than that hewas theAlopeconnesian , inasmuch asTheon con

neetshim with Callippus, and calls them both yuan/earned. S chmidt, however,

doesnot give any reason in support of hisopinion that theAlopeconnesian wasa
distinct person . But when we consider that A10peconnesus was in theThracian

Chersonese, and not far from Cyz icus, and that Proconnesus, an island in the
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R epublic . From the following anecdote, taken from th e

writings of the grammarian Serenus and handed down by
S tobaeus, he appears to have been the mathematical
teacher of Alexander the Great —Alexander requested
the geometer Menaechmus to teach h im geometry con

c isely ; but he replied : 0 king, through the coun try
there are private and royal roads, but in geometry there is
on ly one road for We have seen that a sim ilar story
is told of Euclid andPtolemy I . (p. 5

‘

What we know further of Menaechmus is con tained in

the following eleven fragments :3

(a). Eudemus informs us in the passage quoted from

Proclus in the In troduction (p . that Amyclas of Hera
clea, one of Plato’s compan ions, and Menaechmus, a

pupil of E udoxus and also an associate of Plato, and h is
brother, D einostratus, made the whole of geometry more
perfect.‘

Proclus mentions Menaechmus as having poin ted
out the two difieren t senses in which the word elemen t

is used.

“

(c.) I n another passage Proclus, having shown th at

many so called conversions are false and are not properly

Propontis, was stillnearertoCyz icus, andthat, further, theMenaechmus referred

to in the extract (k) modified the system of concentric spheres of Eudoxus, the
supposition of Th . M . Martin (I . c . ) that thisextrac t occurred in the work of the
Alopeconnesian on Plato

’
sR epublic in connection with thedistafiof theFates in

the tenth book becomesprobable.

2 S tobaeus, Floril. , ed. A . Meineke, vol. I V . , p . 205 . B retschneider (Geom .

nor E ukl.
,
p. 162) doubts the authenticity of thisanecdote, and thinks that it may

be only an imitation of the similar one concerning EuclidandPtolemy. He does

so on thegroundthat it isnowherereported that Alexanderhad, besidesAristotle,

Menaechmus as a specialteacher in geometry . This is an insufficient reason for

rejecting the anecdote, and, indeed, it seems to me that the probabilitylies in the
otherdirec tion, forwe shallsee that Aristotle haddirect relationswith the school

of Cyz icus.

3 The fragmentsofMenaechmus have been collec ted and given in Greek by
Max C . P. Schmidt (I .

Proclus, ed. Friedlein , p. 6 7 .

5 I bid. , p. 7 2 .



https://www.forgottenbooks.com/join


Greek Geometry from T[roles toEuclid.

[the parabola], the section of the obtuse-angled cone [the
hyperbola] , the conchoid, the straight line, and all such.

Andagain , afteranothermanner, of theuncompounded line
one kindis simple and theotherm ixed ; andof the simple,
oneforms a figure, as thecircular; but theother is indefin ite,
as the straight line ; but of themixed, one sort is in planes,
the other in solids ; and of that in planes, one kind meets
itself as the cissoid, another may be produced to infin ity ;
but of that in solids

, onemay be con sidered in the sections
of solids, and the other may be considered as [traced]
around solids . For the helix, which is decribed about a
sphere or cone, exists around solids, but the con ic sections
and the spiricalare generated from such a section of solids .
Further, as to these sections, the con ics were con ceived by
Menaechmus, w ith reference to which Eratosthenes says

Nor cut from a cone theMenaechmian triads

and the latter [the spirics] were conceivedby Perseus , who
made an epigram on their invention :

Perseus found the three [Spirical] lines in five sections,
and in honour of the discovery sacrificed to the gods.

Now , on the onehand, the three sections of the cone are
the parabola, the hyperbola, and the ellipse ; and, on the
other, of the spiricalsections one kind is inwoven , like the
h ippopede;

°
and another kind is dilated in the m iddle, and

that Ovpufswasprobably thenamebywhich the curvewasknown toMenaechmus.

I t may beobserved, however, that an ellipse is not ofthe shapeof adoor, neither
isa shield

,
which is a secondary signification of Ovpeds ; the primary signification

of theword is not door
,

’ but ‘large stone which might close the entrance to a

cave, as in Homer (Odyssey ,
such a stone, or boulder, asmay bemet with

on exposed beaches isoften of a flattenedovalform, and the namesof a shieldof

such a shape
,
andof an ellipse, may have been thence derived.

9
ri m 83 n erprxéir 7 0746 7 ne

‘v{an y ( plet h e
‘

yylm, domain rfi f or? 111 00 1 6817.

The kippopede is also referred to in the two following passages of Proclus

ifl on éon, pin 7 6 ! M erpméir oboe (ed. Fried. , p . and rat-tory: i) matroerbips
“in oboe wore? ywrlavorali) it s

-
owls" (ibid.

,
p . I n p . 142 I saidthat a passage

in Xenophon , de reequestri, cap. 7 , explainswhy the name kippopedewas given
to the curve conceived by E udoxus for the explanation of the motions of the
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becomes narrow at each extremity ; and another being
oblong, has less distance in themiddle, but is dilated on
each

(f ). The line from Eratosthenes, which occurs in the
preceding passage, is taken from the epigram which closes
h is famous letter to Ptolemy III. , and which has been
already more than once referred to. We now cite it with
its con text

p7 8} 01? y Apxrirew Svaptjxava lpya xvhfvdpmv

7111782Mcvgau t
'

ovs xwvor0pe
'

ivrptddas

3121704 ,

(g ). I n the letter itself the following passage, which has
been already quoted (p . 11r), is found

‘The D elians sent a deputation to the geometers who
were staying with Plato at Academ ia, and requested them
to solve the problem [of the duplication of the cube] for
them . Wh ile they were devoting themselves w ithout stin t
oflabour to the work, and trying tofind two mean propor

planets, andin particular their retrograde andstationary appearances, andalso to
one of the spirics of Perseus, each of which curveshasthe form of thelemniscate.

The passage in Xenophon is as follows —‘

lr raafar 8
’
arm our” 1977 1 48177

nah ovpe
‘vnr

‘ £1" dy ¢ orépas7 64»rd: 7 rd00vsarpi ¢w dru“ if“ . Kai vbrte-tam ed?“

8krhr dy nObr, 11mdp¢ 6n parat 7 1490:a
'

éxdn povrijs ifl w fas iddfwr'rar.
’
E t a woi3new ilk I tal7 97V érepoyfnmrébm'

,ufiM or f f) : svelte-repairs. I bid. , cap. 3
Tohs 7 6 My érepoyd ovs “mile: “ivare! 1 681) xao ne

'

vn in nate, This

curve was named 1 681; from its resemblance to the form of theloop of the wire
in a snare

, wh ich was in fact that of a figureof 8 . Some writers have given a

different, and, tome it seems, not a correct, in terpretation of the origin of this

term . Mr. Gow, for example, (A Short H istory of Greek Mathematics, p. 184)
says : Lastly

,
Eudoxus is reported to have invented a curve which he called

51 1 07 4817, or horse fetter,
”
andwhich resembledthosehobbleswhich Xenophon

describesasusedin the riding school. ’ I n thenext pageMr. Gow says: ‘Eudoxus

somehow used this curve in h is description of planetary motions, This is

not correc t : the two curveswere of a similar form— that of thelemniscate—and
,

therefore, the samenamewasgiven toeach but they differedwidely geometrically,
and were quite distinct from each other. See Knoche and Maerker, op. cit .

p . 14, sq. ; and S chiaparelli , lo Sfere Omocentriche, &c .
, p . 32 , sq.

1° Proclus
,
ed. Friedlein, pp . 111, 112 .

11 Archimedes, ex. rec . Torelli, p . 146 ; Archim . , Opera, ed. Heiberg ,
,
vol.

p . 112 .
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tionals between the two given lines, Archytas ofTaren tum
is said to have discovered them by means of h is sem i
cylinders, and Eudoxus by means of the so called curved

lines. It was the lot of allthese men to be able to solve
the problem with satisfactory demonstration , while it was
impossible to apply their methods practically so that they
should come into use ; except, to some small exten t and
with difliculty , that of Menaechmus.

’

(h ) . The solution of the D elian Problem by Menaech

mus is also noticed by Proc lus in his Commentary on the

Timaeus of Plato How then , two straight lines being
given , it is possible to determine two mean proportionals,
as a conclusion to this discussion ,

I, having found the solu
tion of Archytas, w illtranscribe it, choosing it rather than
that ofMenaechmus, because he makes use of the con ic
lines, and also rather than that of E ratosthenes, because he
employs the application of a scale.

’ ‘3

(i ) . The solutions of Menaechmus—of which there are

two—have been handed down by E utoc ius in h is Com

men tary on theSecondB ook of theTreatise ofArch imedes
On theSphere and Cylinder, and w ill be given at length
below .

“

(j). We learn from Plutarch that Plato blamed E u
doxus, Archytas, andMenaechmus, and their S chool, for
endeavouring to reduce the duplication of the cube to
instrumen tal and mechan ical con trivances ; for in this way
[he said] the whole good of geometry is destroyed and

perverted, since it backslides in to the things of sense, and
does not soar and try to grasp eternal and incorporeal

‘2 Archim . ,
ex. rec . Torelli, p . 144 ; ibid ed. Heiberg, vol. pp. 104, 106 .

‘3 Proclus in Platon is Tz
'

meum
, p . 149 in libro111. (ed. Joann . Valder, B asel,

I have taken this quotation and reference from Max. C . P. Schmidt
,

diefragmen tedesMathematikersMenaechmus
,
Philologus, X L I I . , p . 75 . Heiberg,

(Archim . Opera, vol. Praefatiov.) also gives this passage, but his reference

is to p . 353 , ed. S chneider.

14 Archim . , ed. Torelli
, p . 141, sq. Archim . Opera, ed. Heiberg, vol.

p . 92 , sg.
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(k). Theon of Smyrna relates that he [Plato] blames
those philosophers who, iden tifying the stars, as if they
were inanimate, with spheres and their circles, intro
duce a multiplicity of spheres

,
as Aristotle thinks fit to do,

and amongst the mathematicians, Menaechmus and Cal
lippus, who introduced the system ofdeferen t and restituent
spheres (oi " i" F3" ‘PfPO‘lflac, 7 5 9 33dvehtrrofmac

The solutions ofMenaechmus referred to in (i ) are as
follows

As ME NAE CHMUS .

Let the two given straight lines he a, r ; it is required
to find two mean proportionals between them .

‘ Let it be done, and let them be (3, 7 : and let the

straight line 811, given in position and lim ited in 8, be laid

17 Theonis Smyrnaei Platonici, L iber deAstronom ia, ed. Th . H . Martin , pp .

330 , 332: Paris, 1849. The mpa
'

ipat dveAf
-r‘rova'

at were, according to thishypo
thesis, spheresof Opposite movement, which have the objec t of neutralising the
effect of other enveloping spheres (Aristot. , Met . X I I . ,

c . viii.
,
ed. B ekker, p .

This modification of the system of concentric spheres of E udoxus is
attributed to Aristotle, but we infer from thispassage of Theon of Smyrna that it
wasintroducedbyMenaechmus (Theon . Smyrn . , L iber deAstron . ,

D issertatio
,
p .

S implicius, however, in his Commen tary on Aristotle, de Caelo (Schol. in

Aristot . ,
B randis, p . ascribes this modification to E udoxus himself.

Martin (I . c . ) thinks it probable that this hypothesis was put forward by Me

naechmus in his work on Plato’s R epublic , with reference to thedescription of
thedistad

'

of theFates in the tenth book .
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down ; and at 8 let 83, equal to the straight line 7 , be

placed on it, andlet the line 02:be drawn at right angles,
and let ( 0, equal to the line 3 , be laid down : since, then ,
the three straight lines a, B , 7 are proportional, the rect
angle under the lines a, 7 , is equal to the square on 3
therefore the rectangleunder the given line a and the line
7 , that is the line 82, is equal to the square on the line (3,
that is to the square on the line Z0; therefore the poin t 0
lies on a parabola described through 8. Let the parallel
straight lines 0x, 81: be drawn : since the rectangle under
3 ,

‘

y is given (for it is equal to the rectangle under a. s) ,
the rectangle is also given the point 0, therefore, lies
on a hyperbola described with the straight lines a8, 86 as

asymptotes. The point 0 is therefore given ; so also is
the poin t Z.

‘The synthesis w ill be as follows

Let the given straight lines he a, e, andlet the line 817 be
given in position and term inatedat 8 ; through 8 let a para
bola be described whose axis is 817 and parameter a. And

let the squares of t he ordinates drawn at right angles to 81;
be equal to the rectangles applied to a, and having for
breadths the lines cut off by them to the point 3. Let

it [the parabola] be described, andlet it be 80, andlet the
line 81: [be drawn andlet it] be a perpendicular ; andwith
the straight lines x8, 82: as asymptotes, let the hyperbola
be described, so that the lines drawn from it parallel to
the lines x8, 82:shall form an area equal to the rec tangle
under a, s : it [the hyperbola] w ill cut the parabola : let

them cut in 0, and let perpendiculars On, (it, be drawn .

S ince, then , the square on is equal to the rectangle
under a and 847 , there w ill be : as the line a is to Z0, so is
the line 20to Again , since the rectangle under a, e is
equal to the rectangle 058, there will be : as the line a is

to the line Z0, so is the line ZS to the line 5 : but the line a

is to the line ( 0, as the line ( 0 is to KS. And
, therefore

M
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as the line a is to the line Z0, so is the line Z0to Z8, and
the line Z8 to a. Let the line B be taken equal to the line
047, and the line 7 equal to the line 82 ; there w ill he,
therefore : as the line a is to the line B , so is the line B
to the line 7 , and the line 7 to e : the lines a, B, 7 , e are,

therefore, in continued proportion ; which was required to
be found.

OTHERWI SE .

Let aB, By be the two given straight lines [placed] at
right angles to each other ; and let their mean propor
tionals be 8B, Br, so that, as the line 7B is to B8, so is the

line [33 to Be, and line [35 to Ba, and the per
-
pen

diculars 821, 52 be drawn . S ince then there is : as the line

7 B is to B8, so is the line B8 to Be therefore the rectang le

7Bs, that is, the rectangle under the given straight line [7B]
and the line Br will be equal to the square on B8, that is
[the square] on i t

”

. since then the rec tangle under a given
line and the line Be is equal to the square on at, therefore
the poin t I lies on a parabola described about the axis Be.

Again , since there is as the line aB is to Be, so is the line
Be to B8, therefore the rectangle aBS, that is, the rectangle
under the given straight line [aB] and the line B8, is equal
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con ic sections, and that he conceived them as section s
of the cone. We see, further, that he employed two of

them , the parabola and the rectangular hyperbola, in his
solutions of the Delian problem . We learn , however,
from a passage of Gem inus, quoted by Eutoc ius in h is

Commentary on the Conics of Apollon ius, Which has

already been referred to in another connection (p . 11) that
these names, parabola andhyperbola, are of later origin , and

were given to these curves by Apollon ius :

‘ B ut what Gem inus says is true, that the ancients (oi
wakmof) , defin ing a cone as the revolution of a right-angled
triangle, one of the sides about the righ t angle remain ing
fixed,

naturally supposed also that all cones were right,
and th at there was one section only in each—in the right
angled one, the section now called a parabola, in the oh

tuse-angled, the hyperbola, and in the acute-angled the

ellipse ; and youwill find the sections so named by them .

As then the original investigators (dpxufwv) observed the

two right angles in each individual kind of triangle, first
in the equilateral, again in the isosceles, and lastly in the
scalene ; those that came after them proved the general
theorem as follows The three angles of every triangle
are equal to two righ t angles .

”

So also in the sections of
a cone ; for they viewed the so called “ section of the right
angled cone in the right-angled cone only, cut by a plane
at righ t angles to one side of the cone ; but the section of

the obtuse-angled cone they used to show as existing
in the obtuse-angled cone ; and the

.

section of the acute
angled cone in the acute-angled cone ; in like manner in
allthe cones drawing the planes at right angles to one

side of the cone ; which also even the original names them
selves of the lines indicate. B ut, afterwards, Apollon ius
of Perga observed something which is un iversally true
that in every cone, as well right as scalene, all these sec

tions ex ist according to the different application of the
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plane to the cone. His con temporaries, admiring h im on

accoun t of the wonderful excellence of the theorems of
c on ics proved by h im , called Apollon ius the “ Great

Geometer.

"

Gem inus says this in the sixth book of h is

R eview of Mathematics.

The statemen t in the preceding passage as to the ori
glualnames of the con ic sections is also made by Pappus,
who says, further, that these names were given to them by
Aristaeus , and were subsequen tly changed by Apollon ius
to those which have been in use ever since.

" I n the writ
ings of A rch imedes, moreover, the con ic sections are

always called by their old names, and thus this statemen t
of Gem inus is indirectly confirmed.

”

It is much to be regretted that the two solutions of

Menaechmus h ave not been transm itted to us in their ori

g inalform . That they have been altered, either by E uto
cius or by some author whom he followed, appears not

on ly from the employmen t in these solution s of the terms

parabola and hyperbola, as has been already frequen tly
pointed out ,

21 but much more from the fac t that the lan

‘9 Apollonn Con ica, ed. Halleius, p. 9 .

‘9 Pappi Alexand. Collect. V I I . , ed. Hultsch , p. 6 72 , sq. Mr. Gow (op.

p . 186 , note, says: ‘That Menaechmus used the name sec tion of right
-angled

cone,
”

etc . , is attested by Pappus, V I I . (ed. Hultsch ), p. This is not

correct ; the name of Menaechmusdoes not occur in Pappus.

2° Heiberg (N ogle Puncter af de graeshe Mathematikeres Term inologi ,

Kjobenhavn , 18 79 , p . poin ts out that only in three passages is the word
found in theworksofArchimedes, but everywhere it ough t toberemoved

as alater in terpolation , asN iz ze has already asserted.

’
These passages are :

wept noroewéa r, ed. Torelli, p . 270, ed. Heiberg, vol. 1. pp . 324, 326 ; ibid.

Tor. p. 2 72 , Heib . ,
id. p . 332 , l. 22 ; ibzd. Tor. p . 273, Heib . id. p . 334,

l. 5 . Heiberg, moreover, calls atten tion to a passage where E utoc ius (Comm .

to Archimedes, weplapafpas I talv fvbpov, I I . ed. Tor. p . 163 , ed. Heib . , vol.
p . 154 , l. 9) attributes to Archimedes a fragmen t he haddiscovered, containing

the solution of a problem which requires the application of conic sections,

among other reasons because in it their originalframes are used.

2‘ First
,
as far as I know ,

by R eimer
,
Historia problematis de cubi duplica

tione, Gottingae, 1798 , p . 64 , note.
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guage used in them is, in its character, altogether that
of Apollon ius.”

Let us now examine whether any inference can be

drawn from the previous notices as to the way in which
Menaechmuswasled to the discovery of his curves. This
question has been considered by B retschneider,” whose
hypothesis as to the course of the inquiry is very simple
and quite in accordan ce with what we know of the state of
geometry at that time.

We have seen that the right cone only was considered,
and was conceived to be cut by a plane perpendicular to a
side ; it is evident, moreover, that this plane is at right
angles to the plane passing through that side and the axis
of the cone. We have seen , further, that if the vertical
angle of the cone is right, the section is the curve, of which
the fundamental property—expressed now by the equation
y
“-px—was known to Menaechmus. This being pre.

m ised, B retschneider proceeds to show how this property
of the parabola may be obtained in the manner indicated.

Let D E F be a plane drawn at right angles to the side
AC of the right cone whose vertex is A , and circular base
B FC ; andlet the triangle B AC (right-angled atA) be the
section of the cone made by the plane drawn through AC
and the axis of the cone. Let the plane D E F cut the cone
in the curve D KF, and the plane B AC in the line D E . I f,

now,
through any poin t J of the line DE a plane HKG be

drawn parallel to the base B FC of the cone, the section of

the cone made by th is plane will be a circle, whose plane
w ill be at right angles to the plane B AC ; to which plane
the plane of the section DKP is also perpendicular ; the

23 e. g . wapaBoAfi, bwepBoAh, barium
-
arr“ , “any , p fa rkevpd. The original

name for the asymptotes
, at 87 116 7 01, is met with in Archimedes

,
de Conoidibus

,

&c . (ai (n un-a ‘ras 7 06 dnBAu
'

ywrfov xérov f onds, ed. Heiberg, vol. I .
, p . 2 76 ,

l. 22 ; andagain , at ( 7 7 11111: «nectar, x. A id.
, p . 278 , l. SeeHeiberg, Nogle

Punct .
, &c . , p . 11.

2” B retsch . , Geom . var E ukl. , p . 13 6 , sq.
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angles to the plane BAC ; and, therefore, to each of the

lines HG and DE in that plane, draw LD and E F

parallel to HG, and at the point L draw a perpen

dicular to LD , intersecting D E in the poin t M. We

have then

therefore,

But, on account of the sim ilar triangles D E F andD LM ,

Hence we get

B ut in the semicircle HKG

JK
’ H] JG ;

therefore,

that is, the square of the ordinate JK is to the rectangle
under E ] and JD in a constan t ratio.

The investigation in the caseof the sec tion of the obtuse
angled cone is sim ilar to the above.



Menaechmus. 169

B retsch neider observes that the construction g iven for
MD in the preceding investigations is so closely connec ted
w ith theposition of theplaneofsection DKE at right angles
to the side AC, that it could scarcely have escaped the

observation of Menaechmus.

This hypothesis of B retschneider, as to the properties
of the con ic sections first perceived by Menaechmus, which
properties he employed to distinguish h is curves from each
other, seems to me to be quite in accordance as well w ith
the state of geometry at that time as with the place which
Menaechmus occupied in its development.
A comparison of these investigations with the solution

of Archytas (see p. 111, sq.) will show, as there stated,
that the same conceptions are made use of, and the same
course of reason ing is pursued in each (p . 115 )
I n each investigation two planes are perpendicular to

an underlying plane ; and the in tersection of the two

planes is a common ordinate to two curves lying one in

each plane. I n one of the in tersecting planes the curve is
in each case a sem icircle, and the common ordinate is,

therefore, a mean proportional between the segments of
its diameter. So far the investigation is the same for all .
N ow,

from the con sideration of the figure in the underly
ing plane—which is differen t in each case—it follows
that — in the first case—the solution of Archytas—the
ordinate in the second in tersecting plane is a mean pro
portional between the segmen ts of its base, whence it is
inferred that the extrem ity of the ordinate in this plane
also lies on a sem icircle ; in the second case—the section
of the right-angled cone—the ordinate is a mean propor
t ionalbetween a given straight line and the abscissa ;
and, lastly, in the third case—the section of an acute
angled cone—the ordinate is proportional to the geometric
mean between the segments of the base.

So far, it seems to me, we can safely go, but not farther.

From the first solution of Menaechmus, however, it has
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been generally inferred that he must have discovered the

asymptotes of the hyperbola, andhave known the property
of the curve with relation to these lines, which property
we now express by the equation xy = a

’
. Menaechmus

may have discovered the asymptotes ; but, in my judg
men t, we are not justified in making th is assertion , on

account of the fact, which is undoubted, that the solutions
of Menaechmus have not come down to us in h is own

words . To this may be added that the words hyperbola
andasymptotes could not have been used by h im , as these
terms were unknown to Archimedes.

From the passage in the letter of Eratosthenes at the
end of extract (g), coupled with the statement of Plutarch
(j), B retschneider infers that it is not improbable that
Menaechmus inven ted some instrumen t for drawing h is

curves .

“ Can torconsiders this in terpretation as not impos

sible
,
and pointsout that there is in it no real contradiction

to the observation in Eutoc ius concern ing the description
of the parabola by Isidore ofM iletus .

“ B retsch neider adds

that ifMenaechmus had found out such an instrumen t it
could neverhave been in generaluse, sincenot thesl ightest
furthermen tion of it has come down to us. It appears to
me

,
however, that it is more probable that Menaechmus

constructed the parabola and hyperbola by poin ts, though
th is supposition is rejectedby B retschneider on the ground
that such a construction would be very tedious . On the

other hand, it seems to me that the words of E ratosthenes
would apply very well to such a procedure. We know , on

the authority of E udemus (see
.

p . that the inventions
concern ing the application of areas

’ -on wh ich , moreover,
the construction by poin ts of the curvesy =px and xy

= a
’

depend are an cien t, 6pxa
‘

ia, and are due to the Py tha

goreans
’ it may be fairly inferred, then , that problems

2‘ B retsch .
,
Geom . cor E ukl. , p . 16 2 .

2° Gesch . der . Math .
,
p . 2 11.

26 Proclus, ed. Friedlein , p . 419 .
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Eudoxus (p . 134)—and we observe that in (d) this expres
sion stands in con trast with of r tplEwer

'

mtrrov, . Wh iCh is

met with . ia the same sentence. From this it follows that
Menaechmus had a school, and that it was looked on as

a mathematical rather than as a ph ilosophical sch ool .
Further, we have seen that Theon of Smyrna makes a

similar distinction between Aristotle on the one side and
Menaechmus and Callippus on the other (k). Lastly, we
learn from S implicius that Callippus of Cyz icus, a pupil of
Polemarchus—the friend of E udoxus—went subsequen tly
to Athens and lived with Aristotle, with whom he corr

ferred in order to revise and complete the inven tion s of
Eudoxus.”

When these statemen ts are put together, and taken
in conjunction with the fact men tioned by Ptolemy, that
Callippus made astronom ical and meteorological obser
vations at the Hellespon t, "o we are, I think, justified in
assum ing that the reference in each is to the S ch ool of
Cyz icus, founded by Eudoxus, whose successors were
Helicon (probably) , Menaec hmus, Polemarchus, and Cal
lippus .

From the passages of Plutarch referred to in (f ) we see

that Plato blamed Archytas, Eudoxus, and Menaechmus

for reducing the duplication of the cube to mechan ical con
trivances. On theother hand the solution of this problem ,

2’ The passage is in the Commen tary of S implicius on the SecondBook of
Aristotle de Caelo

,
and is as follows —cip

-
nra1 real81-1 rpé

‘

rros Ebbofos 6 Ramos

ra
'

is bib 1131: hed wrovafiv xao pévwr inpatpdw 61 0060 16 1, Kd/V turnos 8} 6

vucnvbs He pdpxcp avdo dtras ‘rq? Ebbbfov yewpfpup, xal716 1
”
Jxe

'

ivor eis

Hi d/was 0 01611, 7 6 mryxarefifw, rd 6112) 106 Ebbbfov ebpeOe
'

rra

rd? “proverb “: bp obpevbs re realwpoaavaw mpfiv.
—Scholia in Aristot . B randis

,

p . 498
5

. Callippus andPolemarchus, as Boeckh has remarked, could not have

been fellow-pupilsof Eudoxus : Callippus, who flourished circ . 330 B .C . , was too

young . The meaning of the passage must be as statedabove. B oeckh conjec tures
that Polemarchuswasabout twenty years older than Callippus. SeeSonnenkreise,

p . 155 .

3°
¢ ddetsdr h avé

‘

wdare
'

pwv I talaw ayw
'

yi) (m anpaacfir, Ptolemy, ed. Halma,

Paris
,
18 19 , p . 5 3 .
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attributed to Plato, andhandeddown by Eutocius, is purely
mechan ical . Hencegravedoubts have arisen as to whether
th is solution is really due to Plato. These doubts are in
c reased if reference be made to the following authorities

,

E ratosthenes, in his letter in which the history of the
Delian problem is given

,
refers to the solutions of Archy

tas, Eudoxus, and Menaechmus, but takes no notice of

any solution by Plato, though mention ing h im by name ;
T heon of Smyrna also, quoting a writing of Eratosthenes
en titled ‘ The Platon ic,

’

relates that the Delians sen t to
P lato to consult h im on this problem

, and that he replied
th at the god gave this oracle to the Delians, not that he
w an ted h is altar doubled, but th at he mean t to blame the
H ellenes for their neglect of mathematics and their con

tempt of geometry.

" Plutarch , too, gives a sim ilar accoun t
of the matter, and adds that Plato referred the Delians,
w ho implored h is aid, to Eudoxus of Cn idus, andHelicon
of Cyz icus, for its solution . Lastly, Jo . Ph iloponus, in h is

accoun t of the m atter, agrees in the main w ith Plutarch ,
b ut in Plato’

s answer to the Delians he om its all reference
to others.

“3

Can tor, who has collected these authorities, sums up the

evidence, and says the choice lies between— 1
°
the assump

tion that Plato, when blam ing Archytas, Eudoxus, and
Menaechmus, added, that it was not difficult to execute the
doubling of the cube mechan ically ; th at it couldbe effected
by a simple mach ine, but that th is was not geometry ; or
2
°
the rejec tion ,

’

as far as Plato is concerned, of the com

mun ication of E utoc ius, on the ground of the statemen ts of
Plutarch and the silence of Eratosthenes ; or lastly, 3

°

the

admission that a con tradiction exists here wh ich we have
not sufficien t means to clear up.

“

31 Theon . Smyrn . Arithm ., ed. deGelder, Lugdun . B at. 1827 , p . 5 .

32 Plutarch , de Gen io Sacralis, Opera, ed. D idot. , vol. p . 699.

3 Jo. Philop. adAristot . Analy t . post . , 1. vii.

3 ‘ Can tor
,
Gesek. der Math . , p . 202 .
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The fact that Eratosthenes takes no notice of the solu
tion of Plato seems to me in itself to be a strong presump
tion against its genuineness . When , however, this silence
is taken in connection w ith the statemen ts Of Plutarch, that
Plato referred theDelians to others for the solution of their
difiiculty, and also that Plato blamed the solutions of th e
three great geometers, who were his con temporaries, as

mechan ical—a condemnation quite in accordance, more
over, with the whole spirit of the Platon ic philosophy—we
are forced, I think, to the conclusion that the sources from
which E utoc ius took his account of this solution are not

trustworthy. This inference is strengthened by the fac t,
that the source, from which the solution given by Eudoxus
of the same problem was known to E utoc ius, was so

corrupt that it was un intelligible to h im , and, therefore,
not handed down by h im .

”

The solution atttributed to Plato is as follows

As PLATO.

Two straight lines being g iven to find two mean pro

portionals in continued proportion .

Let the two given straigh t lines aB, By , between which
it is required to find two mean proportionals, be at righ t

3° See p . 140 .
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to me that it may be fairly inferred that this solution was
subsequen t to that of Menaechmus, as his solution was to
that of Archytas . This, so far as it goes , is in favour of

the first supposition of Can tor given above.

On account of the importance of the subject treatedof
here, I will state briefly my views on the matter in ques
tion z—Menaechmus was led by the study of the solution
ofArchytas, in the manner given above, to the discovery
of the curve whose property (abprrrwpa) is that now defined
by the equation y

’ =px . S tarting from this, he arrived at

the properties of the sections of the acute-angled and of

lthe obtuse-angled right c ones, which are analogous to th e
‘

well-known property of the sem icircle— the ordinate is a

mean proportional between the segmen ts of the diameter.

Having found the curve defined by the property, that its
ordinate is a mean proportional between a given line and

the abscissa, Menaechmus saw that by means of two such
curves the problem of finding two mean proportionals
could be solved. as given in the second of h is two solu
tions, which, I think, was the one first arrived at by h im .

The question was then raised—Of what practical use is
your solution ? or, in other words, how can your curve be
described
Now we have seen that, side by side with the develop

ment of abstract geometry by the Greeks, the practical
art of geometrical draw ing, which they derived originally
from the Egyptians, con tinued to be in use : that the
Pythagoreans especially were adepts in it, and that, in
particular, they were occupied w ith problems concern
ing the application (wopafiohfi) of areas, including the

working of numerical examples of the same. Now any

number of poin ts, as near to each other as we please,
on the curve y

’ =px, can be obtained with the greatest
facility by this method ; and in this manner, I think,
Menaechmus traced the curve known subsequently by
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the name parabola—a name transferred from the opera

tion (which was the proper sign ification of rapaBoM) to
the result of the Operation . We have seen that the same
name, wapaBoM, was transferred and applied to division ,

which was also a transference of a name of an operation
to its result.
Having solved the problem by the intersection of two

parabolas, I think it probable that Menaechmus showed
that the practical solution of the question couldbe simpli
fied by using, in steadof one of them, the curvexy a

’
, the

construction ofwhich by poin ts is even easier than that of
the parabola . There is no evidence, however, for the

inference that Menaechmus knew that this curve was

the same as the one he had obtained as a section of the

obtuse-angled cone ; or that he knew of the existence
of the asymptotes of the hyperbola, and its equation in

relation to them .

Let us exam ine now whether anything can be derived
from the sources, which would enable us to fix the time
of the D elian deputation to Plato—be it real or fictitious.

We have seen that Sotion , after men tion ing th at
Eudoxus took up his abode at Cyz icus and taught there
and in the neighbouring cities of the Propontis, relates
that subsequen tly bereturned to Athens accompan ied by a
great many pupils (min t: trohkobc m pi iavrbv ixovra paflnrdc),
for the sake, as some say, of annoying Plato, because for
merly he hadnot held h im worthy of attention (p. 1 We

learn ,
further, from Apollodorus, that Eudoxus flourished

about the hundred and third Olympiad—B .C. 3 6 7
—and it

is probable, as B oeckh thinks, that this time falls in w ith
his residence at Cyz icus. N ow the narrativeof Plutarch
that Plato referred the Delian s to Eudoxus and Helicon
for the solution of their difliculty—points to the timeof the
visit of Eudoxus and his pupils to Athens, for— 1

°
as we

know from Sotion , Plato and Eudoxus had not been on
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good terms ; and 2
° it is not probable that, before this

visit
,
Helicon , who was a native of Cyz icus and a pupil of

Eudoxus, as we learn from the spurious 13 th Epistle of
Plato, had become famous orwasknown to Plato. B oeckh

assumes, no doubt rightly, that the visit of Eudoxus and
his pupils to Athens, and their sojourn there, took place
a few years later than 01. 103 , 1—B . C . 3 6 7 ; so that it
occurred between the second and third visits of Plato to

S icily (36 8 B .C . and 3 6 1 To this time, therefore, he
refers the remarkable living and working together at the
Academy of eminen t men , who were distinguished in

mathematics and astronomy, according to the report of
Eudemus as handed down by Proclus . Now, amongst
those named there we find Eudoxus himself, his pupil
Menaechmus, D einostratus—the brother of Menaechmus

-and Athenaeus of Cyz icus ? " to these must be added
Helicon of Cyz icus—more distinguished as an astronomer
th an a mathematician—who was recommended to D iony
sins by Plato,” and who was at the court of Dionysius
in company with Plato at the time of his third visit to
Syracuse.

‘o

I quite agree with B oeckh in thinking that all the

pupils of Eudoxus and the citizens of Cyz icus, whom we

find at Athens at that time—even though they are not

expressly named as pupils of Eudoxus—belonged to the
school of Cyz icus ; and I h ave no doubt that to these
illustrious Cyz icen ians the fame of the Academy—so

far at least as mathematics and astronomy are concerned
is chiefly due.

“ It is noteworthy that Aristotle, at the

3" Boeckh, Sonnenkreise, pp . 156 , 15 7 .

‘9 See I ntroduction, pp . 4, 5 .

Epzlst. P1at .
,
xiii.

Plutarch
,
D ion .

Zeller says: ‘Among thedisciples of Plato who are known tous, wefind
many more foreigners than A thenians : the greater number belong to that

eastern . portion of the Greek world which since the Persian war had fallen

chiefly under the influence of Athens. I n the western regions, so far as these

were at allripe for philosophy, Pythagoreanism, then in its first and most
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CHAPTER VII.

THE SUCCE SSOR S OF EUDOXUS .

II. D E I NOSTR ATUS .

‘

Deinostratus.
—TheQuadratrix, itsgeneration and characteristic property.—Use

Of this curve to solve the two famous problems: the Trisec tion of an

Angle; the Quadrature of the Circle.
—E nunciation and proof of the

property of the Quadratrix on which this second employment Of the Curve
depends—Criticismsof Spornsand Pappus on the Curve andon thisuse of
it .—Theorems requiredfor, and axiomsused in, theproof of this property of
the Curve.

-These axioms are substantially the same as the well-known
principles assumed by Archimedes-The Problem solved by means of the

Quadratrix is the rectification of the Quadrant, and is a complement to the
work of Eudoxus.

—I s theHippias mentioned by Proclus in connection with

theQuadratrix the sameas the Sophist HippiasofElis?

D E I NOSTR ATUS was brother of Menaechmus, and is men
tioned by Eudemus, together w ith Amyclas andMenaech

mus, as having made the whole of geometry more perfect
(p. 4)

The only notice of his work which has come down to
us is containedin the following passage of Pappus :

‘For the quadrature of the circle a certain curve1 was
employed by D einostratus, Nicomedes, and some other
more recen t geometers, which has received its name from

The twoworksannounced in the note (p . 150) have appeared: Autolyci de
Sphaera quaemovetur L iber, deortibus et occasibusL ibri duo una cum scholiis

antiquiselibrismanuscriptisedidit Latina interpretationeet commentariisinstruxit
Fridericus Hultsch , Lipsiae, 1885 ; D iophan tosof Alexandria a S tudy in the

History of GreekAlgebra, by T . L . Heath , Cambridge, 1885 .

The following works have also been published: E nclidis E lemento, edidit et
Latine interpretatus est J. L . Heiberg, D r. Phil. , vol. I V . libros x1.

—x111. cou

tinens, L ipsiae, 1885 die Lehre non den Kegelschn itten im Altertum von D r.

H . G. Zeuthen , erster halbband, Kopenhagen, 1886 .

l
” was. TheGreekshadno specialname for a curve.

’
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the property that belongs to it ; for it is called by them the

quadratrix (f efpaywvow a), andits generation is asfollows :
Let a square aBy8 be assumed, and about the centre y

let the quadran t ’ Be8 be described, and let the line yB be
m oved so that the poin t y remain fixed, and the poin t B be
borne along the quadran t Be8 : again , let the straigh t line
Ba, always remain ing parallel to the line y8, accompany
the poin t B while it is borne along the lineBy ; andlet the
line yB, moving un iformly, pass over the angleBy8—that
is, the poin t B describe the quadran t Be8—in the same
time in which the straight line Ba traverses the line By
that is, the point B is borne along By . It will evidently

A 9 K 8

happen that each of the lines yB and Ba will coincide
simultaneously w ith the straight line y8. Such then being
the motion , the straight lines Ba, By in their motion w ill
cut one another in some poin t, which always changes its
place w ith them ; by which poin t, in the space between
the straight lines By , y8, and the quadran t B5 8, a certain
curve concave towards the same side such as BnO, is de
scribed; which indeed seems to be useful for finding a
square, which shall be equal to a given circle. B ut its

characteristic property (dpxucdvabrfic afipm wpa) is this -if

3 wept¢£peta, arc .

‘E x recentiorum usu Graecam wepc¢£petaw, id est partem
aliquam totius circuli circumferentiae, E rnestum N iz ze

,
Theodosii interpretem,

secuti plerumque aroum interpretati sumus. ’ (Autolycus, op. cit. , Praefatio, pp .
xiv, xv.)
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any line, as yne, bedrawn to thecircumference, as thewhole
quadrant B58 is to the are 58, so is the straight line By to
fit ; for this is evident from the generation of the curve.

”

Pappus, has, moreover, transmittedto us the property
of thequadratrix, from which it receiveditsname, together
w ith the proof. It is as follows

I f aBy8 be a square, andB58 be the quadran t about the
centre y , and theline BnObe the quadratrix described as
in the manner given above ; it is proved that : as the

quadran t 85B is to the straight line By , so is By to the

straight line y0. For if it is not, the quadrant 85B w ill be
to the lineBy as By to a line greater than y0, or to a lesser.

I n the first place let it be, if possible [as By] , to a

greater lineyx ; and about the cen trey let the quadrant c
be described, cutting the curve at the poin t it ; let the per

pendicular "A be drawn , and let the join ing line yr, be

produced to the poin t 5 . S ince then : as the quadran t 85B
is to the straight line By , so is By—that is y8—to the

line we, and as y8 is to yx, so is the quadran t B58 to the

quadran t Km: (for the circumferences of circles are to each
other as their it is eviden t that the quadran t
(me is equal to the straight lineBy . And since, on accoun t
of the property of the curve, there is as the quadran t B5 8
is to the are 58, so is By to "A and therefore : as the qua
drant c is to the areme, so is the straight line By to th e
line all. And it has been shown that the quadran t c is
equal tothe straight line By ; therefore the are an w ill be
equal to the straight line "A, which is absurd. Therefore it
is not true that : as the quadran t B58 is to the straight line

By , so isBy to a line greater than yO.

’

Further, I say , that neither is it to a line less than yO.

For, if possible, let it be to ya, and about the centre y let
3 Pappi Collect

,
ed. Hultsch , vol. I .

,
pp . 250, 252 .

‘Hoc theorema extat v. propos. 11 et VI I I . propos. 22 ; simulautem scrip
tor tacite emcit circulorum arcusquibus aequales anguli insistunt inter se esseut
radios.

’

(I bid.
,
p . 25 7 , n . )
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'

d.

Pappus also relates that Sporns justly found fault with
this curve, for two reasons

1. It takes for gran ted the very thing for which the

quadratrix is employed ; for it is not possible to make one

poin t move from B to y along the straight line By in the

same time that another point moves along the quadran t

B58, un less the ratio of the straight line to the quadran t is
first known , inasmuch as it is necessary that the rates of
the motions should be to each other in the same ratio .

2 . The extremity of the curve which is employed for
the quadrature of the circle—that is, the point in which the
quadratrix cuts the straight line y8—is not found for when
the straight lines yB, Ba, being moved, are brought simul
taneously to the endof their motion , they coincide w ith the
line y8, and no longer cut one another—for the cutting
ceases before the coincidence w ith the line « 8, which in ter
section on the other hand is taken as the extremity of the
curve, in which it meets the straight line a8 : unless, per
haps, some one m ight say that the curve should be con

sidered as produced—just as we suppose that straight lines
are produced—as far as «18 ; but this by no mean s follows
from the principles laiddown : but in order that this poin t
0may be assumed, theratio of thequadrant to the straight
line must be presupposed.

’

He then adds , that un less this ratio is given , one

should not—trusting to the authority of the inven tors
accept a curve, which is rather of a mechan ical kind (nju
ypayum

‘

wpnxamxwrfpav1m m

Sporns was a mathematician whose solution of th e

D elian problem has been handed down by Eutoc ius in his
Commentary on the treatise of Archimedes On the Sphere

andCylinder this solution , he tells us, is the same as th at
of Pappus, which precedes it in Eutocius, andwhich is also

7 Pappi Collect
,
vol. pp . 252, 254.

8 Archim. , Opera, ed. Heiberg, vol. pp . 90, 92 .
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given by Pappus himself in the third and eighth books of
his Collectz

'

ous.

’ M . Paul Tannery thinks that Sporns was
the teacher, or an elder fellow-pupil of Pappus, and places
h im towards the end of the third century of our era ; and,
further, he identifies h im with Porus (Sporus) of Nicaea,
the author of a collection en titled ’

Ap¢aror5ktxdKnpla (see

p . which con tained, according to M..Tannery , extracts
from mathematical works relating to the quadrature of the
circle and theduplication of the cube, as also a compilation
in relation to theMeteorolog ics ofAristotle. M . Tannery is
of opin ion , moreover, that the historical works of E udemus
were driven out of the field at an early period by compila
tions from them that theH istory of Geometry , in particular,
did not survive the fourth century ; and that this collection
of Sporns was the principal source from which Pappus,
S implicius, and Eutoc ius derived their information con

cern ing these two famous geometrical problems .

lo

I n any case, it seems to me probable th at a valuable
fragment of the H istory of Geometry of Eudemus is pre
served in the extracts from Pappus given above, whether
they have been taken by Pappus from that H istory , or

derived second-hand through Sporns [Porus] .

On examin ing the demonstration of the property of the
quadratrix given above, we see that the follow ing theorems
are required for it

(a). The circumferences of circles are to each other as
their diameters .

The arcs of two concen tric circles, which subtend
the same angle at their common cen tre, are to each other
as the quadrants of those circles .

9 Pappi Collect
,
vol. L

,
p . 64, sq. ; vol. I I I . p . 10 70, sq.

1° Sar les fragments d
’

E udéme de R hodes relatzfs d l
’

h istoire des math!

er
‘

gues also, sur Sporos de N ice
'

e Annales de la Faculté des Lettres de

B ordeaux, pp . 70-76 , 25 7-26 1, 1882 . Cf. Pour l
’h zstoire des lignes et surfaces

courbes daus Bulletin des S ciences mathem . et astronom . ,
2° serie,

tom . VI I .
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This theorem is an immediate consequence of Euclid,
VI . 33

(c) . I n equal circles, angles at the centre have the same
ratio to each other as the arcs on which they stand.

We see, further, that the following assumption s are

made in the proof
An arc ofa circle less than a quadrant is greater

than the perpendicular let fall from one of its extremities
on the radiusdrawn through the other ;

And is less than the tangent drawn at one ex

tremity of the arc to meet the radius produced through
the other.

We notice, moreover, that the proof is indirect ; and it
is, indeed, as Cantor has remarked, the first of the kind
with which we meet.“ We have seen , however, that
Eudoxus must have been fam iliar w ith this method of

reason ing (p. 139) andwe know thatAutolycus ofPitane,
in Aeolis, who was a contemporary of D einostratus, makes
use of the argument ad absurdum (drug tariv drowov, or

ddfivarov), in many propositions of his book wraplxwovpfvnc
a¢afpac.

"

We see, too, that the investigation of D einostratus,

which gives a graphical solution of the determ ination of

the ratio of the circumference of a circle to its diameter, is
a complemen t to the work of Eudoxus, for the problem
which was solved by mean s of the quadratrix arose natu
rally from the theorem that circles are to each other as the

sguareson their diameters.

It is to be observed, then , in the first place, that the
problem which is solved above by means of the quadratrix
is
, in reality, the rectification of the quadrant, and that it
is taken for granted that the quadrature of the circle
from which the name of the curve is derived—follows from

1‘Cantor, Gesek. der Math ,
p . 213 . [Thisremark is not correct, see p . 43 ,

and n .

13 12
, 4 ; 14, 7 ; 24. 14 ; 32, 4 ; 8, 17 ; 22 , 1.
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metrically, but is obtained on ly mechan ically by mean s of
a series of points, which must then be joined by a steady
stroke of the free hand.

“ It seems to me, however, that
these criticisms are just ; and that Sporns andPappus are
right in maintaining that the description of the curve
assumes the very thing for which the quadratrix i s
employed.

“

B retschneider shows that the theorem from which th e

quadratrix derives its name can be easily obtained by

the infin itesimal method, by means of the proportion

B58 : y8 58 : 11A, from the observation that the nearer th e
radius y 5 approaches to y8, the more nearly does the sector

y 58 approach to a triangle sim ilar to the triangle ya" ; and
therefore, for the limiting case, where y 5 and y8 coincide,
the ratio 58 : "A actually passes over in to that of y8 y0.

’

He adds Such considerations haveoften served the old
geometers as means for their discoveries, but are never
used as proofs. The latter are always given through the

reductioadabsurdum, which, indeed, allows no trace of the
way followed in the inquiry to be This
observation is both just and important.

The same remark has been made by M . P. Lafiitte, who

poin ts out that
,
in theestablishment of any truth , there are

two parts (or Operations) which , he says, have not been
hitherto sufficiently distinguished

The inven tion or the discovery of the proposition .

Its proof.

Andhe further observes, that , after the discovery has been

1° B retsch .
,
Geom . uor E ukl.

,
p . 96 .

1° Various othermodesmight be foundofmaking eitherof these curves [the
quadratrix of D einostratus and the quadratrix of Tschimhausen] square the

circle ; but the fact is that the description of the curves themselves assumes

the point which their use is todetermine.

’—E ngh
‘

sh Cy clopedia, sub . v. , Quad

Bretsch . , Geom . w r E ukl. , p . 154.
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arrived at, the proof is often furn ished by the method ex

18

I n the third chapter (p . 93 , sq.) I gave reasons in sup

port of Hankel ’ s Opin ion that the Hippias referred to by
Proclus, in connection with the quadratrix,

is not Hippias
of Elis . As I men tioned, however, in giving them,

I had not then read Cantor’s defence of the common
opin ion ; but, on reading it subsequen tly, I was much
struck with the force of his argumen ts, and in troduced
them in a note—the on ly course then open to me. M .

Paul Tannery, in a Paper, the first part of which was
published in the B ulletin des S ciences mathtmatiques et

astronomiques, Octobre, 1883 , and en titled, Pour l
’

h istoire

des lignes et surfaces courbes dan s l’an tiquité,
’ ‘9 has criti

c ised the reasons advanced by me against the common
opin ion
With reference to argument he replies This om is

sion is sufficien tly explained by the discredit under which
th e sophists laboured in the eyes of Eudemus ; and the list
in question presents a much more remarkable one—that of
Democritus . ’

With reference to he says —‘This observation is
not accurate. An indefin ite number of poin ts of the

quadratrix, as near as one w ishes, may be obtainedby the
ruler and compass ; and it is doubtful whether the ancients
sought any otherprocess for the construction of this curve.

’

M . Tannery continues The authority of Diogenes Laer
tius is, moreover, so much the less acceptable, inasmuch as
he speaks in express terms of the solution of the D elian
problem by Archytas . Now , Eutoc ius (Arch imedes, ed.

Torelli, pp. 143
—144) has preserved to us, on the one hand,

this solution ,
in which there is not any employmen t of an

instrumen t ; and, on the other hand (p . a letter, in

‘3 P . Laflitte, lesGrandsYypesde I
’H

'

uman itt, vol. p . 308 , sq. p . 328 , sq.

‘9 B ulletin des S c . math . et astron . , 2
° série, torn . V I I . 1, p . 2 79, sq.
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which Eratosthenes states that, if Archytas, Eudoxus,
&c . , were able to prove the accuracy of their solutions,
they could not realise them manually and practically, ex
cept, to a certain extent, Menaechmus, but in a very
troublesome way .

”

(Cf. p.

‘The Mesolabe of Eratosthenes is, in fact, the oldest
instrumen t of wh ich the employment for a geometrical
construction is known . This text indicates that, before
Menaechmus, peoplewere not engrossedwith thepractical
tracing of curves ; whilst the inven tor of the con ic section s
would have tried, more or less, to resolve this question for
the lines which he haddiscovered.

’

As to these observations ofM . Tannery, I adm it that
Diogenes Laertius is not a safe guide in mathematics

,

as indeed I noticed in the first chapter (p. 10, n . I n

quoting h im, I certainly did not mean to convey that, in
my opin ion , Archytas had actually traced the curve, used
in his solution of the Delian problem,

by any mech an ical
means ; and I agree with M . Tannery that the letter of

Eratosthenes is quite decisive on that poin t . A t the same
time it is evident that the conception of a

, curve being
traced by means of motion is con tained in the solution of
Archytas, to whom, along w ith Philolaus, his master, and
Eudoxus, his pupil, the first notions of mechan ics are

attributed. And with respect to the quadratrix itself,
although, as M . Tannery remarks, an indefin ite number of
poin ts on the quadratrix , as near as one wishes, can be

obtainedwith the ruler and compass, yet the conception of
motion is no less involved in the nature and very defin ition
of the curve.

I n reply to my observation M. Tannery says
Thedivergence of the accoun ts given by Proclus and by
Pappus is easily explained by the difi

'

erence of the sources
from which they drew. Allthat the former says of curves
is undoubtedly borrowed from Geminus, an author of the
first cen tury before the Christian era ; and h is language
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it is open to grave objections . He says I n the first
place, the text of Geminus in Proclus clearly supposes that
the name of the curve had been given to it by its inven tor,
Hippias. On the other hand, it is eviden t that the prac
tical use of the curve implies the construction of a model
cut in a square, having the quadratrix in place of the

hypotenuse, andwhich couldbeapplied, like ourprotractor,
to the figures under consideration . Consequently, the

determ ination of the intersection of the curvew ith the axis
at once becomes necessary ; and the problem is not, in

reality, so dificult that we should think that Hippiaswas
incapable of perceiving its relation to thequadrature of the
circle. Finally, the fame of this last problem was at the
t ime sufliciently great to lead Hippias to borrow from it
the name ofhis curve, rather than from the problem which
he h ad, without any doubt, con sidered in the first
These views of M . Tannery seem to me to be inadmis

sible, and are indeed quite incon sisten t with what we
know of Greek geometry (see supra, p . 95 , sq. p . 13 8 ,

The problem solved by means of the quadratrix must, as
stated above, be regardedas the natural complemen t of the
work of Eudoxus ; and it is sign ifican t, therefore, that the
solution was effected by D einostratus, who probably was
h is pupil . Nordoes the finding of the poin t of in tersection
of the curve w ith the axis necessarily involve the determ i
nation of1r ; for, as seems to be suggested by Pappus, the
required poin t m ight be regarded as determ ined by the

production of the curve. Should it be said that the
theorem required for the determ ination of 1r was obtained
first by the infin itesimal method, I would reply that it was

23 B ull. des S c . math . et astron . , 2
° série, V I I . , p . 28 1.

“3 Cf. Heiberg, Griech ische und ro
‘

mische Mathematik, Philologus, 1884 ,

yahresberich te, p . 474 : Wa
'

hrendHankel
,
p . 12 1, if. die exhaustionsmethode

auf Hippokrates zuriickgehen liess, und Cantor, p . 209 , die moglichkeit zugibt ,
hebt Allman , Greek Geometry &c .

,
p . 22 1 if. [p. 95 , sq. supra] m it rech t

hervor, dass wir nicht berechtigt sind
,
diese methode fur iilter als E udoxus zu

halten .

’
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not likely that this wasdone by Hippias of Elis, who was
a sen ior con temporary of Democritus. I f, then , the text
in Proclus supposes that the name of the curve had been
g iven to it by its inventor, it follows, in my opin ion , that
this could not have been Hippias of Elis . I am , however,
on the whole, disposed to accept Cantor

’s view as given
above.
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CHAPTER V III.

THE SUCCE SSOR S OF EUX ODUS .

III . AR I STAEUS .

Aristaeus.
—He was probably a senior con temporary of E uclid.

—Passages in

Pappus relating to h im quoted
—What is 6 drummer” I t was

treatedof byAristaeus, E uclid, andApollonius ofPerga.
—L ist of the books

which are contained in it .—Aristaeus wrote five books on Solid Loci
’
.

N amesgiven by him to the threeConic Sec tions.
—Thesenameswerechanged

by Apollonius to those stillin use.
—R eason for the change and significance

of the new names.
—Aristaeus wrote a book on the ‘Comparison of the five

R egular Solids -He was one of the most important Geometers before
Euclid.

— D iscussion as to whether Aristaeus wrote one work only on
the Conic Sec tions, namely, the Solid Loci in five books, or whether he
wrote also the Elements of Conics likewise in five books.

—Theorem of

Aristaeus.
— E numeration of the Theoremsrequired in itsproof as given by

Hypsicles.
— S imple proof of the Theorem of Aristaeus’

.
— R etrospect.

R elation of thework donebyAristaeustothat ofArchytas, andhissuccessors.

PAPPUS has preserved the name, and given some accoun t
of the work, of one othergreat geometer, whowas a prede
cessor, and probably a sen ior contemporary of Euclid
AR I STAEUS the elder. We have no details whatever of
h is life.

The passages in Pappus relating to h im are as fol

lows

(a) That wh ich is called 6 dvakvo
’

pw og that is,

1
[7 61 03] 6 an oth er” drummer” . 161 03 , locus, i. e. quicquid aliqua ma

thematicarum parte comprehenditur: 6 i orpovopoépevos rein s, V I . 474, 3 ; 6 dra

Auduevos rdros, V I I . 6 72, I ndex Graecitatzs, Pappi Collect. , voluminis I I I .

tomusH . , p. 114. 6 drummer” refs-as, locusderesolutione, idestdoctrina analy
tica.

’ I bid. sub voce, p. 5 . Comparewhat Marinussayson the same
subject in hisCommentary on theD ata of Euclid

What is thevalue of the treatise about D ata ?
’

The datum having been divided in a generalway, andas far as is suficient



https://www.forgottenbooks.com/join


Greek Geometry from Thales toEuclid.

were written in a compendious manner, inasmuch as those
who took up the study of them were now able t o fo l l ow

(c) Apollon ius, completing Euclid’s four books of

con ics, and adding four others, published eight volumes of
con ics. B ut Aristaeus, who wrote thefive volumes of solid
loci, which have come down to the presen t t ime, in con

tinuation of the conics 35, 61: rd pfxpt rofi

vim dv08¢86p5va arepsé v rduwv rer
’

oxn f auvtxii ro
‘

ig xaivmo
‘

ic) ,
called [as also did those before Apollon ius] the first of the
three con ic lines, the section of the acute-angled cone ;
the second, the sec tion of the right-angled cone ; the third,
the section of the obtuse-angled cone. But sin ce in each
of these three cones, according to the way in which it is
cut, these three lines exist, Apollon ius, as it appears, felt a
dificulty as to why at all his predecessors distinguished by
n ame the section of an acute-angledcone, which m ight also
be that of the right-angled and obtuse-angled cone ; and,
again , the section of the right-angled cone, wh ich m igh t
also be that of the acute-angled and the obtuse-angled
cone. Wherefore, changing the names, he called that
which had been named the section of the acute-angled
cone, the ellipse ; the section of the right-angled cone, the
parabola ; and the section of the obtuse-angled cone, the
hyperbola—each from a certain peculiar property. For the

rectangle applied to a certain straight line in the section
of the acute-angled cone is deficient (Ekh bm ) by a square ;
in the section of the obtuse-angledcone it is excessive

BéAku) by a square ; finally, in the sect ion of the right
angled cone the rectangle applied (rapaBaMdpevov) is
neither deficient nor excessive.

[But this happenedto Aristaeus, since hedid not per

ceive that, according to a peculiar position of the plane
cutting the cone, the three curves exist in each of the cones,

Pappi Collect. p . 6 72. rdulv—yrypa/mlra, interpolatori tribuit Hultsch .

'

The spacedwordsare supplied in translation .
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which c urves he named from the peculiarity of the cone.

For if the cutting plane be drawn parallel to one side of
the cone, one on ly of the three curves is generated, and

that one always the same, which Aristaeus named the

section of that so cut

(d) B ut as to what he [Apollon ius] says in the third
book, that the locus with three or four lines has not been
completed by Euclid—for neither he h imself, nor anyone
else, could[solvethat locus] by those con ical[theorems]only
which had been provedup to the time of Euclid, as also he
himself testifies, saying that it was not possible to complete
it without those things which he was compelled to discuss
before-hand—[as to this, Euclid, approving ofAristaeus as
a worthy mathematician on account of the con ics which he
hadhandeddown , andnot being in haste, norwishing to lay
down anew the same treatmen t of these subjects (6 82E ricka
Snc duodexdpevoc rhu

’

Apta
'

ra
'

iov(3
'v dvra to

’

olefidn1rapa35 3a
'

mu

xwvcxo
‘

i
’

g, oralpi) podoue 13 pi) Oekfioag im xarafidhkeaflat ror
'

n
'

wv

rhu airnjvupayparefav)—for he was most kind and friendly
to all those who were able to advance mathematics to any
exten t, as is right, and by no means disposed to cavil, but
accurate, andnoboaster like this man A p ollon ius—wrote
as much as could be proved by his con ics : so. t h ose of

A ri s t aeus concern ing that locus—not attributing any

finality to his demonstration , for then it would be neces

sary to blame h im
,
but, as it is, not at all ; since A po l l o

n ius also himself, who left many things in his con ics
unfin ished, is not brought to task for it. B ut he, A pol l o
n ius , has been able to add to that locus (7 4? rd‘

lrtp) what
was wan ting, having been furn ished w ith the ideas by
the books already written by Euclid on the same locus

(replrot} rdrov), andhaving been for a long time a fellow
pupil of the disciples of Euclid in A lexandria, from which

‘ Pappi Collect . , p. 6 72, l. 18—p. 6 74, l. 19. l. 12. 7 0610 8
’
trader (scil. 6

—l. 19. raniwinterpolatori tribuit Hultsch .

’ Cf. Proclus, ed. Fried
lein, pp. 419, 420 . See pp . 164, 165 .
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source he derivedhis habit of thought, which is not unsc i
entific . Such is this locus with three or four lines, on which
he plumes himself greatly, adding, that he knew that he
owed thanks to h im who first wrote about

(e) We also learn from Hypsicles that Aristaeus wrote
a book on theComparison of thefiveregular solids, and that
it con tained the theorem : The same circle circumscribes
the pentagon of the dodecahedron and the triangle of the

icosahedron , these solids being inscribed in the same
sphere.

’ Hypsicles says, further, that this theorem is
also given by Apollonius in the second edition of his Com

parison qf the dodecahedron with the icosahedron ] which
is : The surface of the dodecahedron is to the surface of the
icosahedron as the dodecahedron itself is to the icosahe

dron ; since the perpendiculars from the cen tre of the

sphere to the pentagon of the dodecahedron and to the

triangle of the icosahedron are the same.

’ 8

The foregoing extracts lead us to form a high opin ion
of Aristaeus, and to see that he was one of the most
importan t geometers before Euclid. We have, therefore,
great reason to regret the total loss of h iswritings.

I n the passage (a) Aristaeus, Euclid, and Apollon ius,
are named as the three authors on thedoctrineof analysis .

This passage shows, further, the value that was attached
by the ancien ts to thefive books of Aristaeus on solidloci,

which was one of the works—indeed one of the higher
works—included in the " firm: dvakvdpevog . From the

passage (6) it would appear that Aristaeus published also
a work on the elements of con ics in five books—an abridg

Pappi Collect. , p . 6 76 , l. 19—p. 6 78 , l. 15 .

“l. 25 . 6 at ElmAefGns—p. 6 78 ,
l. 15 , rowiirds Jo

’

fl r, scholiastae cuidam historiaequidem veterum mathematica

rum non imperito, sedqui dicendi genere languido et inconcinnousussit, tribuit
Hultsch ,

’ I bid. ,
p . 6 7 7 . As Hnltsch says, the writer of this passage has

employeda feeble andawkwardmanner of expression andit isdifficult to see

the exact meaning of it. The spacedwordsare supplied in translation .

7
« (w e o’xnudrur 0 61xp10

'

1s.

3 Euclid
,
Book X I V . , Prop. 2 . Thisbook is in reality thework ofHypsicles.
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point of language, and con tains nothing but what a reader
of Pappus already wouldfind in h im ; I believe, therefore,
that we, in thewords p. 6 7 2 , 4

-14, have a scholium which
originally stood in the margin after p . 6 7 2, 16 , and later
fell into the text in a wrong place : the scholiast has then
called thefive books rdm arrprot, here in correctly arorxe

‘

ia

xwvurd. And even were the passage genuine (and only
m isplaced) the probability wouldbe then that Pappus here
by arocxe

'

t
'

c t winnedhadmean t the rduor.
’

With this conclusion of Heiberg I cannot agree. I n

the first place, it should be observed that the passages of
Pappus enclosed by Hultsch in are to be considered as

interpolations for reasons of style, not of substance. The

passage referred to was either written by Pappus himself

(as Cantor and others assume), or it originated with an

experienced commentator (scholiast), whose statemen ts in
other passages also are acknowledged as correct—or, to
doubt which there is no occasion ; or else these scholia
contain remnants of the tradition of the mathematical
school ofAlexandria, and this tradition must be considered
on the whole as correct, so long as the contrary is not

proved.

"

I n the next place, Heiberg is not correct in saying
that ‘ it is the only passage which can be adduced for it. ’

The same statement is made expressly in the text of

Pappus himself, a few lines lower down , in the passage
quotedabove : ’

p ra
'

1
'

0c Sf, dc yfypacpe rdptxpt roii viminvade

ddpeva arepeé
'

wrduovret
’

sxn f ouvexii roig xwvrxo
‘

r
’

c (p. 6 7 2 , l .
Heiberg tries to obviate this objection by interpreting

1‘J, L . Heiberg, l. c .

1’ I t is certain that Pappus hada school. I t may, therefore, be assumed that

one—or perhapsseveral—of his pupils had taken notes of his lec tures ; and that

these notes, arising thus from theoralexposition of Pappus himself, were (
worked

out further by his pupils, and formedCommentaries, which were then wri tten on
themargin , andsubsequently received into the text, of thework which has come
down tousasndn ov ovraymyfi. These Commentariesare easily recognised by
their style, but as to their contents, they must be considered to be of almost
equalauthority with theundoubted text of Pappus.
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auvexii as mean ing : wh ich stands in connection with the
doctrineof the con ic sections—dependson it ’ . I n passage

moreover, the con ics of Aristaeus are, I think, direc tly
referred to in thewords : dtdri miceivovtriplet-I on] m wxd

’

w.

Heiberg, further, says that the interpolation, or scholium,

occurs in a perfectly wrong place ; but, as he shows, it has
to be placed only two lines lower. My view of the matter
is that given above, p . 199, 2

-Aristaeus first wrote the

solidloci in five books, and then , to facilitate the study of
them he wrote the E lementsof Conics—an epitome—also in
five books .

The Con ics of Aristaeus, no doubt, do not appear in the
list of books con tained in the so-called rdroc dunkvdpevoc ;

neither do those of Euclid : they were both replaced by
the Con ics of Apollon ius in eight books.
We have seen that Aristaeus wrote a work on the

comparison of thefive regular solids, and that it con tained
the theorem The same circle circumscribes the pentagon
of the dodecahedron and the triangle of the icosahedron ,

these solids being inscribed in the same sphere (e).

I f we exam ine the proof of this theorem as given
by Hypsicles, we see that it depends on the following
theorems

1. I f a regular pen tagon be inscribed in a circle, the
square on a side, together with the square on the line sub
tending two sides of the pen tagon , is five times the square
on the radius of the circle ;

2 . I f the line subtending two sides of a regular pen ta
gon be cut in extreme andmean ratio

, thegreater segment
is the side of the pen tagon . Euclid, XIII. 8 ;

3 . The side of a regular decagon inscribed in a circle
is the greater segmen t of the radius cut in extreme and
mean ratio ;

4 . The square on the side of a regular pentagon in

scribed in a circle is equal to the sum of the squares on the
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sides of the regular hexagon anddecagon inscribed in the
same circle. Euc lid, XIII . 10 ;

5 . I f an equilateral triangle be inscribed in a circ le,
the square on the side is three times the square on the

radius . Euclid, XIII . 12 ;

6 . The square on the diameter of a sphere is three
times the square on the side of the inscribedcube. Euclid,
XIII. 15

7 . The line subtending two sides of the pen tagon of a
dodecahedron inscribed in a sphere is the side of the cube
inscribed in the same sphere ;
This follows from (2) taken w ith the corollary ofXIII .

17 : I f the side of the cube be cut in extreme and mean
ratio, the greater segment is the sideof thedodecahedron ;

8 . The square on the diameter of a sphere is five times
the square on the radius of the circle by mean s of which
the iscosahedron is descried—i . e. the circle circumscribing
the pentagon which forms the base of thefive equilateral
triangles having forcommon vertex any vertex of the icosa
hadron . Euclid, XIII. 16 , and Corollary.

From the fact that the work ofAristaeus on the Com

parison of the regular solids is the newest and last that
treated, beforeEuclid, of this subject,

’
B retschneider infers

that the conten ts of the thirteenth book of the Elemen ts is
a recapitulation , at least partial, of thework ofAristaeus . ’ ‘3

Th is supposition of B retsch neider receives, I think, great
confirmation from the above examination , which shows
that the principal propositions in B ook XIII. of the

Elements are required for the demonstration , as given by
Hypsicles, of the theorem of Aristaeus. This theorem ,

moreover, goes beyondwhat is contained in the Elemen ts
on this subject.
Further, one of the four problems treatedof by Pappus

in the third book of his Collection is the inscription in the

sphere of thefive regularpolyhedra . M . Paul Tannery has
‘3 Geom . nor E ukl. , p . 171.
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I f a regulardodecahedron be inscribed in a sphere, the
poles of its faces will be the vertices of a regular icosahe
dron inscribed in the same sphere ; and, conversely, the
vertices of thedodecahedron will be the poles of the faces
of the icosahedron . Now let R be thepoleof the circle c ir

cumscribing the pentagon A B CD E of the dodeéahedron ,

and let S and T be the poles of the circles circumscribing
the two other pen tagons of the dodecahedron which have
the vertex A in common : then A will be the pole of the

circle circumscribing the triangle R S T of the icosahedron .

Now, if the points R andA be joinedto 0, thecen treof the
sphere, the lines OR , 0A so drawn will be at right angles
to the planes A B CD E and R S T respectively : let them
intersect theseplanes at the poin ts P and Q respectively.

Then the two right-angled triangles OR Q, OAP—having
equal hypotenuses OR , 0A , and common angle R OA
will be equal in every respect ; therefore OP OQ and

AP = B Q. B ut AP and B Q are the radn of the circles
circumscribing the pentagon of the dodecahedron and the

triangle of the icosahedron , and OF , OQ are the perpen

dicularsdrawn from the cen tre to these two planes .

I n the second chapter of th is work (p . 3 8, we saw

that the Pythagoreans were much occupied w ith the

construction of regular polygons and solids, which in their
cosmology played an essen tial part as the fundamen tal
forms of the elemen ts of the un iverse’ 1‘

and in the third

‘9 These Pythagorean ideas—which were adopted by Plato, I n d-raw at oraler

rain-011 ra yoptfer (see p . 86 , n . 76 )—playedsuch an importan t part in antiquity
that they gave rise to the belief, related by Proclus, that Euclid proposed to
himself the construction of the so-called Platonic bodies [the regular solids] as
thefinalaim of hissystematisation of theElements (p . Thishasbeen noticed

byP . R amus, who says: N ihilin antiqua geometria spec iosiusvisum est quinque

corporibusordinatis, eorumque gratia geometriam ut ex Proclo initiodic tum est,

inventam esse vetcres illi crediderunt but he adds : At in totis clementis nihil

est istis argutiis ineptius et inutilius.

"

(Petri R ami Scholarum Mathematicarum Libri unus et triginta. Francofurti, 1599 ,
p.
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chapter (p . 86 , I pointed out a problem of high
ph ilosophical importance to the Pythagoreans, wh ich, in
my judgmen t , naturally arose from their cosmological
speculation s

,
andwhich requiredforitssolution a knowledge

of stereometry, andalso thesolution ofthe famous problem
tofind two mean proportionals between two given lines. I n

the same ch apter (p. 88) I indicated the men who first
solved this problem, and laid the foundation of stereome
try : in the following chapters I examined their work
and finally in th is chapter we have seen that Aristaeus
wrote works on the con ic sections and on theregular solids,
and

,
further, that he is specially mentioned as oneof those

who cultivated the analytic meth od—the method by the

aid of which these discoveries were made, as stated in

p . 88 . Aristaeus may , therefore, be regarded as having
con tinuedand summedup thework, which, arising from the

speculation s of Philolaus, was carried on by h is succes
sors—Archytas, Eudoxus, and Menaechmus. These men
were related to one another in succession as master and

pupil, and it seemed to me importan t that the con tinuity
of theirwork should not be broken in its presentation .

[I t may be interesting to some of the readers of this work to know that

William Allman
,
M .D . , Professor of B otany in the University of D ublin (1809

andfatherof thewri ter, in aMemoir entitled: An attempt to I llustrate 2
MathematicalConnection between theparts of Vegetables’ (readbefore theR oyal
Society of London in the year 181 put forward the hypothesis that theminute
cells in the young shoots of vegetables are of thedodecahedralform in D icotyle

douons plants; andof theicosahedralform in Monocotyledonousplants ; andthat
by meansof this hypothesis heaccountedfor theprevalenceof the number5 , and
the exogenousgrowth in the former, andof the number 3 , and the endogenous

growth in thelatter. ]
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CHAPTE R I X .

’

THEAETETUS .

TheaetetusofAthens.
—Noticesof hiswork—Passage fromPlato

’
s Theaetetus

quotedandannotated—Theaetetusfirstwroteon thefive R egularSolids.

’

I n the composition of his Elements Euclid was most indebted to the

Pythagoreans, Theaetetus andEudoxus.
—What portions of the Elemen ts

are due to each of these sources -The principalpart of theoriginalwork
of Euclid himself is contained in the Tenth Book .—Probable objec t of this
Book—Pythagoras discovered the Theory of I ncommensurables, and it is
probable that the Pythagoreans went farther in this research than is

commonly supposed.
—Conclusion .

AT the close of the last chapter I poin ted out the con

nec tion between the several parts of this work, and stated
the reasons for the order which I followed. This order
was founded on the belief that the true history of Greek
geometry was most correctly represen ted by exhibiting
in an unbroken series the work done by Archytas and

his successors. This course of proceeding led to the tem
porary om ission of at least one geometer, who had greatly
advanced the science.

THE AETETUS of Athens, a pupil of Theodorus of Cyrene,
and also a disciple of S ocrates, is represented by Plato, in
the dialogue which bears his name, as having impressed
both his teachers by his great natural gifts and gen ius .

Wi thin the last year the following works have been published: E nclidis
E lemen to, edidit et Latine interpretatus est J. L . Heiberg, D r. Phil. , vol.

librum x. continens, Lipsiae, 1886 ; die Lehre van den Kegelschn itten im Alter

tum , von D r. H . G. Zeuthen
,
zweiter halbband, Kopenhagen , 1886 ; N oticesur

les deux LettresArithmétiquesdeN icolasR habdas (texteGrec et traduction) , par 0

M . PaulTannery (E xtrait des noticeset extraitsdesmanuscritsdelaB ibliotheque
nationale, &c . ,

tom . xxxn .,
11° Partie), Paris, 1886 .

A new journal, devoted to theH istory of Mathematics
,
hasbeen founded this

year by D r. Gustaf E nestrdm of S tockholm —B ibliotheca Mathematica
,
Journal

d’HistoiredesMathematiques.
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and theyoungerSocrates something about squares about
the squares whose areas are three feet andfive feet, show
ing that in length they are not commensurable w ith the
square whose area is one foot‘. [that thesides of the squares
whose areas are three superficial feet and five superficial
feet are incommensurable with the side of the square
whose area is the un it of surface, i . e. are incommensu

rable with the un it of length] , and that Theodorus had
taken up separately each square as far as that whose
area is seven teen squarefeet, and, somehow, stopped there.

Theaetetus con tinues Then this sort of thing occurred
to us, since the squares appear to be infin ite in number,7

5 R ep! 8wdu5 6 r r: flair 6 5 685470: 885 11pm” , rijs rewin
-
080: f tp: mln urt

1 0803 drocpalror 87 1 prime: of: {hyper
-
pot rii 1 081014. I n mathematicallanguage

86mm signifies power,’ espec1ally the second poweror square. I n the passage
(e) , however, the wordseems not to be used steadily in the same signification ,

and in 148 A it certainly means root.
’ M . PaulTannery considers that the

present text ofPlato is corrupt, and that in it 861mm (power) shouldbe replaced
throughout by 8vrapém (root) . Professor Campbell(Theaetetus of Plato, p . 2 1,

note) thinks that
‘ it is not clear that in Plato

’

s time this point of terminology was
fixed.

’
But , on the other hand, J. B arthelemy Saint-Hilaire believes that the

expression
, 86mms, was probably invented by the Pythagoreans (Métaphysique

d’Aristote
, tom . p . 156, n . I n support of this view it may be noticed

that the term 81min“ isused in itsproper signification throughout theoldest frag
ment of Greek geometry—that handeddown by S implicius from the H istory qf
Geometry of Eudemus on the quadrature of the lunes (see pp. 69—75 ; and, for
the revisedGreek text, Simplicii in Amistotelis Physicorum librosquatuorpriores
commentaries, ed. H . D iels, pp . 6 1—6 8, Berlin , 1882)—and is so used, for themost

part
,
in paragraphs which , according to the criterion laid down in p . 72, n . 45 ,

must be regardedas genuine. Now since Eudemus
,
in this fragmen t, gives an

analysisof the work of Hippocrates, and, moreover, frequently refers to him by
name

,
it is probable that, in partsat least, hequoted thework on lunes textually,

and that the word 81min“ , which occurs throughout, must have been used by
Hippocrates

,
whowe know was connectedwith thePythagoreans. On the whole

then it seems to me probable that Plato had not fully grasped the distinction

between the terms 86mm: andam ply" and that in this is to be found the true

explanation of theobscurity of the passage.

pincer {654 401705 rfi1085019. See EuclidX . , D ef . 1. t uerpa 715 7 6017

Afyera: rdrG ar
’

rrfiutrprp perpohuera, dohpp erpa 86, firmy8dr£r8éxerarnowdr

airport yevéaoac. 2 . E i
’

roe
'

ia: 8 111454 5 1 016q rpaleio
'w , 8rar rddr

’
ai

’

rrfirrerpd

ywra rt? aim? xwpfrpperpijrar, doduuerpot 8i , 8rar rois dr
’
airro

'

ir rerpay‘vots

mp8“ £r8éx'

nra1xopfor nowbvulrpor yere
'

o
'Oac.

7 drerpoc rdwkfidos ar
‘

8vvduets£¢ afrorr0. Cf. Eucl. X . , D ef:3 roi
’
rn w
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to try and comprise them in one term, by which to desig
nate all these squares .’

Soer. D idyoudiscover anything of the kind
Theaet. I n my opin ion we did. Attend, and see

whether you agree.

’

S acr. Go on .

’

Theaet. We divided all number into two classes
comparing that number which can be produced by the

multiplication of equal numbers to a square in form, we

called it quadrangular and equilateral ."

Socr. Very good.

’

Theaet. The numbers which lie between these, such as
three and five, and every number which cannot be pro
duced by the multiplication of equal numbers, but becomes
either a larger number taken a lesser number of times, or
a lesser taken a greater number of times (for a greater
factor anda less always compose its sides) ; this we likened
to an oblong figure, andcalledit an oblong numbed-1571071161517

dronemfravdefxrurar, 8m rfirpm
-
5051077 5 60m; dwdpxoww sharia: amen drecpor

« hp/ren alre I taldowner-pot aiulrmixermirror, at ddreal81110114 5 1.
9
rdvdp10udr wirra 8fxa duadflouev. rdr adv 81m fuerov1001! io

‘drusy fyveo
'Oar

ré
‘

rerpayémp rd axima drerxdoarres rerpdyavdr re italiad wpovrpooefsroyuev.

Cf. Euclid
,
V I I . , D ef . 19 : rerpd

'

ywrosdprduds 80 7 17 6 lo
’dursloos ‘h [6] find 860

101W dpwué r reprexdueros ; alsoAristotle, Anal. Post . 1. iv. , olor rd 5 506 drdpxec

ypaum
‘

i I talrd wep1¢ epés, I talrd reprrrdr naldprror 11511071443, oralrd wpdrov I tal

ad erar realio’éfl twpor realérepdpmres (see Euclid, V I I . , D ef . 7 , 6 , 12 , I 4) .
Plato

’

s expression istautologous.

9
rdr rolrw peratdrod-row, fir rralrdrpfa I talrdrérre xalads 8: ddtivaroslo'

os

icdras yev Oac, dM
’

flt h eir” lAar-rovdms ‘h ladr'rwr nAeordlrts yl
'

yrerru, urtfow
8dI tal51147 7 0 5 delwAeupdafrrdrurpdtapfldru, rdwpouiuret ah aximarrdreurdo

'

avres

npouinrn dpwudr lualtéoauer. Cf. Euclid, V I I . ,
D ef . 17

"

Oran 8d860 dpwpol
q arrAao'rdo'

arres a
’

M ifltous radial m m, 6 yerduevos lr tr edos nakei‘rar,

n Aevpal8dairroii of wokAarAao'cdoavres dAAipAous dprOuol. From the time of

Pythagoras—to whom the combination of arithmetic with geometrywasdue—the
propertiesof numberswere investigatedgeometrically . Thuscomposite numbers
(oM cror) were figured as rectangles, whose sides (t h ermal) are the fac tors.

Similarly, prime numbers (re-patrol) were represented by poin ts ranged along a

right line, andwere hence calledlinear (ypauumol) not only by Theon . of Smyrna
(Arithm . ed. de Gelder, p . andN icomachus (N icom . G . , I ntrod. Arithm . , 11.

c . but also by Speusippus, who wrote a little work on Py thagorean numbers

P
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S acr. Capital ! What next ? ’

Theaet. The lines which form as their squares an

equilateral plane [square] number we defined as uijaroc
[length, i . e. con tain ing a certain number of linear un its] ,
and the lines which form as their squares an oblong num

ber (rdu 5
'

r5popflxn) wedefined as 8vv6p5 cg , inasmuch as they
have no common measure with the former in length, but
in the surfaces of the squares, which are equivalen t to
these oblong numbers . And in like manner with solid
numbers. ’

Sacr. The best thing you could do, my boys ; no one

coulddo better.

’
Theaetetus, 14 7 D-148 B . )

(see Theologumena Ari thmetica
,
ed. Ast. , p . Prime numbers were also

figuredas rectangleswhose common breadth was thelinearunit, andthey arethus
representedin thispassage.

I n geometry rdtreptanxessignifieda rectangle, andwas so definedby E uclid,
B ook L ,

D ef . 22 : rdv8drerparAehpwv 0xrmdrwr rerpdywror ,ulv farm, 8 io
’d

rAevpdvre
'

tart real6p007 6m07 , érepdumres 8d, 8 6p90yémor ai r, of»: iohwlteupov 845.
Cf. Hero, D ef . 53 ; Geom . , pp . 43, 52 , 53 , &c . , ed. Hultsch PappiAlex. Collect . ,
ed. Hultsch

,
vol. I . , p . 140 . Euclid does not use the term frepdpnm s in h is

E lemen ts
,
but rapm nkdypapuor 6pOoyémor. I t is now generally recognised that

bederived the materials of his E lements from various sources: the term érepd

unitesmay thushave been preservedin hiswork ; or, else, he thought it better to
avoid theuse of this term, as it was employed in a particular sense. When the

sidesof the rectanglewere expressed in numbers, wpopipmyswas the generalname
for an oblong . I n the particular caseswhere the sides of the oblong contained

two consecutiveunits
,
as—2

, 3 ; 3 , 4 &c . , the term érepopiumswas employed,
inasmuch as thelengthsof the sides were of different kinds, i . e. odd and even ;

whereas in a square they were of the same kind, either both odd
,
or both even

(see the second chapter, p . 32, n . I t shouldbe observed that when a square

is constructed equalto an oblong of this kind (lrepépnxes), its side must be in

commensurable ; but in certain cases the side of the square, which isequalto an

oblong of the formerkind (wptpmres) (e. g . whose sides are 8
,
2 ; 3 , 27 ; and so

on) is commensurable. The two words are used in this passage in their stric t

si
g
nification , and are not, as M . PaulTannery thinks, synonymous (see D om

n inosdeLarissa, Bulletin des S ciencesmath . et astrom . , tom . V111. 1884, p .
Professor Campbell remarks ‘ these terms [wpopimns érepopipxns] were dis
tinguished by the later Pythagoreans’

(loc . cit , p . 23 , This is misleading ,

for it seems to imply that they were not distinguishedby theearly Pythagoreans.

1° 80a: adv7 pauualrdv iadrAeupor xalGirls
-
5 8011 dpwpdvfierpaywvffovo

'

r, pinto:

diplo
'dueaa, 80m 8drdv {remai ns}, 8wdpets, 613 Mm : ply 06 {uppirpovs h elm “,

roi
'

s d 86vavra1' real" plrd c repeddAAo rorofirov. Cf. E uclid
,
V I I . ,

D ef . 18 drar dlrpe
'

is dpwuolwokAarAaardo'avres dAAfio s wotfiaf ram, 6 7 0 6

uewos c r epeds term,
t h eupdl86 ai

’

vroii oi roAAarAao
'

cdo'

av-resdAM'

Movsdpwjuol.
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of Theaetetus in B ooks X. and XII I . : and it
,

is precisely
w ith the subjects of these B ooks that the extracts (d), (e),
and (f ) are concerned.

Having regard, however, to the difl
'

erence in the man

ner of expression of Proclus in (c) Euclid arranged

many works of Eudoxus, and completed many of those of

Theaetetus —we infer that, whereas the bulk of the fifth
and twelfth B ooks are due to Eudoxus, on the other hand
Theaetetus laid the foundation only of the doctrine of

incommensurables, as treated in the tenth B ook. I n like
manner, from (f ) we infer that the thirteenth B ook, treat
ing of the regular solids, is based on the theorem s
discovered by Theaetetus ; but it contains, probably, a
recapitulation , at least partial, of the work of Aristaeus ’

(p .

From what precedes, it follows that the principal part
of the original work of Euclid himself, as distinguished
from that of his predecessors, is to be found in the Ten th
B ook .

“ D eMorgan suspected that in this B ook some
defin ite object was sought, and suggested that the classifi

cation of incommensurable quantities con tained in it was
undertaken in the hope of determin ing thereby the ratio
of the circumferen ce of the circle to its diameter, and

thus solving the vexed question of its quadrature.

“ It is

13 SeeHeiberg.
,
S tudien uber E uklid, p . 34 : N ach Proklushat er [Euklid]

vielesvon den Untersuchungen des Theiitet vervollkommnet ; also, da Theatet
sich besondersmit I nkommensurabiliti t und I rrationalitat beschaftigte, darfwohl

einiges von dem sehr umfangreichen und vollstiindigen 0X Buche dem Euklid
selbst angeeignet werden , wasundwieviel, wissen wir nicht . ’
ProfessorP . Mansion , of the University of Ghent, informs me by aletter of

the 4th March
,
1887 , that for severalyears past he has pointed out thisresult

the originality of the Tenth B ook of theElements of Euclid—to his pupils in his
Course on theHistory of Mathematics. His mannerof proof issubstan tially the
same as that given by me above.

See alsoM . PaulTannery : l’E ducatign Platon icienne, R evuePhilosophique,
Mars, 1881 p . 295 ; la Constitution des E léments, Bulletin des Sciencesmath . et

astron . , 1886 , p . 190 .

14 The E nglish Cyclopaedia, Geometry ,
vol. I V .

, 375 ; Smith
’
s D ictionary of

Greek andR oman B iography, E ucleides, vol. p . 6 7 .
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more prob able, however, that the object proposed con

cerned rather the subject of B ook XIII., andhadreference
to the determination of the ratios between the edges of the
regular solids and the radius of the circumscribed sphere,
ratios which in all cases are irrational.“ I n this way is
seen , on theone hand, the connec tion which exists between
the two parts of the work of Theaetetus , and, on the other,
light is thrown on the tradition handed down by Proclus,
and referred to at the end of the last chapter, that Euclid
proposed to himself the construction of the so-called
Platon ic bodies [the regular solids] as the final aim of h is

systematisation of the Elemen ts.

’

We are not justified in inferring from the passage
in Theaetetus (e), that Theodorus had wr-liz

en a work on

powers or roots,
’

much less that the on tribution of

the Pythagoreans to the doctrine of incommensurables
was lim ited to proving the incommensurability of the

diagonal and side of a square, i . e. of 2 .

m Theodorus
,

who was a teacher of mathematics, is represen ted in the

passage merely as showing his pupils the incommensura
bility of 3 , 5 , and there is no evidence that
this work was original on his part. On the con trary, the
knowledge of the incommensurability of 5 , at all even ts,
must be attributed to the Pythagorean s, inasmuch as it
is an immediate consequence of the incommensurability of
the segmen ts of a line cut in extreme and mean ratio
which must have been known to them , and from which
indeed it is probable that the existence of in commensu

rable lines was discovered by Pythagoras himself (see
supra, p . 42 , and pp . 13 7

There are
, moreover, good reasons for believing that

the Pythagoreans wen t farther in this research than has

been sometimes supposed ; indeed E udemus says ex

‘5 See B retsch . ,
Geom . var E ukl. , p . 148 .

l“ SeeP . Tanne
'

ry
,
op. cit., pp . 188 , 189.
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pressly : Pythagoras discovered the theory of incom

mensurable quantities (rdw dldyuv Further,
the lines 3 , 5 , would occur in many investigations
with which we know the Pythagoreans were occupied

I n the endeavour to find the so-called I ythagorean
triangles, i . e. right-angled triangles in rational numbers ;

I n the determ ination of a square, which shall be
any multiple of the square on the linear un it, a problem
which can be easily solved by successive applications of
the Theorem of Pythagoras —the first right-angled tri

angle, in the construction , being isosceles , whose equal
sides are the linear un it ; the secondhaving for sides about
the right angle the hypotenuse of the first 2) and the

linear un it ; the third having for sides about the right
angle 3 and 1, and for hypotenuse 2

, and so on ;
I n the construction of the regular polygons, for the

third triangle in 2
° is, in fact, the so-called most beautiful

right-angled scalene triangle (p. 3 8)
I n finding a mean proportional between two given

lines, or the con struction of a square which shall be equal
to a given rectangle, in the simple casewhen one line is
the linearun it, and the other contains 3 , 5 , un its.

The method followed 1n this work difi
'

ers altogether
from that pursued by most writers . The usual course has
been to treat of the works of Archytas, Theaetetus,
Eudoxus, Menaechmus, &c .

—the men to whom in fact, as
we have seen , the progress of geometry at that timewas
really due—under the head of ‘Plato and the Academy.

’

This has given rise to an exaggerated view of the services
of Plato andof theAcademy in the advancement of mathe
matics : which is the more remarkable because a just
appreciation of the services of Plato in this respect was
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NOTES AND ADDITIONS.

CONT I NUATI ON O I ? B I BL I OGRAPHI CAL NOTI CES }

I NCE the publication of the concluding part of thiswork in

Hem atlzcna (July, M. PaulTannery has collected his

Papers, which appeared in the B ulletin dc: Science: matlzlmatique:

et astronomigues, sinceApril, 1885 , andpublished them in a volume

entitled: La GlomitrieGrecgue comment son histoirenous estparvenue

et ceque nousen moons. E ssai Critique. Premiere partie. I fi
'

stoire

giniraledela glomitneelementaire. Paris, 1887

M . PaulTannery hasalso published a volume on the origin of

sc ience in general
—Pour l’I { istoiredela ScienceHellénedc l ales ci

E mpidocle. Paris, 1887 . Th iswork is founded on articles which

were publishedby M . Tannery in the R evueplzilosoplzigue.
D r. Heiberg has completed h is edition of the Elements of

Euclid by the publication of vol. V .
-Continens E lementomm qui

flm ntur L ibra: X I V-X V. et Sclzolia in E lementa cum Pmlegomenzlr

cn
'

ticzlret Appendicious. Lipsiae, 1888 .

The first part of a Monograph on Eudoxus by Herr Hans

Kunsberg has recently appeared
—D er Astronom, Mathematiker and

Geograph E UD OX OS oon Knidos, I . Theil L ebensbesclzreibung

dc: E udoxor, Ueberblick ic
’

ber seineastronomis'clzeLe}:reandgeomctn
'

scbe

B etraclztung def Hippopede von Hans Kiinsberg, kgl. Reallehrer.

(Programm zum Jahresbericht dervierkursigen kon igl. R ealschule
D inkelsbiihlpro D ruck von C . Fritz in D inkelsbiihl.

There has also been recently published A Snort Account of tlze

H is-tog of Matizematzcs, by Walter W. R ouse Ball, Fellow and

Assistant-Tutor of Trin ity College, Cambridge ; and of the I nner

Temple, Barrister-at-law. London , Macmillan and Cc . , 1888 .

Th is book is for the most part a transcript of some lectures

delivered this year by Mr. W. W. R ouse Ball.

See pp. 1, 52, 150, 180, and 206 .
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PAGES 11, 12 .

The passage of Geminus referred to here is taken from his

R eview 4 Mathematics, and is given in extenro in Chapter V!

pp. 164, 165 .

PAGES 16 , 80 .

Harpedonaptae. See Cantor ( Vorlerungen u
‘

ber Gesclziclzte der

Mat/rematik, pp. 5 5 who pointsout the Greekorigin (cipr ed
-
q,

a r0pe, andden
-m v, to fasten ), previously overlooked, of th is name,

and shows from inscriptions on the E gyptian temples that the

duty of these rope
-fasteners ’

consisted in the orientation of the

buildings by reference to the constellation of the Great Bear.

The meridian being thus found, the line at right angles to it was

probably determinedby the construction of a triangle with ropes

measuring 3 , 4 and 5 lengthsrespectively . We have seen (p. 29 )
that the E gyptians knew that such a triangle would be right

angled. The operation of rope
-stretching, Cantor adds, was one

of unknown antiquity, being noticed in a record of the time of

Amenemhat I .
, which is preserved in the Berlin Museum .

PAGE S 29
-
32 .

I n connection with this passage of Plutarch , and the observa

tions thereon , it is interesting to note that M. Paul Tannery (la
GiomitrieGrecque, p. 105 ) has found in G. Pachymeres (MSS . dela

B ibliotheque nationale) the expression r?) 0616q 1739 n ip-(bus, to
designate the

‘
theorem of Pythagoras

’

(Euclid1. I n a letter

to me, of July 3 , 1886 , M. Tannery mentions that the Arabs call

it ‘
the theorem of the bride.

’ This name for the theorem seems

to point to the old E gyptian idea as handed down by Plutarch .
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p. 296 andby Heiberg, who gives it in theAppendix to Book X
(Euclidis Elementa, vol. p. I n B illingsley

’
s E uclide,

after this theorem, which is prop. 116 in that edition, ‘An other

demonstration afterFlussas
’

is given . Then follows the observa

tion This demonstration I thought good to adde, for that the

former demonstrations seme not so full, and they are thought of
some to be none of Theons, as also theproposition to be none of

Euclides.

’

(Fol. 3 10 , p.

PAGE S 49 AND 132 (d) .

P. Ramus suspected that this Scholium wasdue to Proclus ; he

says: Quintum librum Scholiastes graecus Arcadius nempe vel

Pappus velquodapparet 6 19 p. 1o [EuclidX . Proclus refert

adEudoxum Platon is praeceptorem , quem tamea Proclus sodalem

Platonis efic it, et sc0pum ait esse libri de analogiis, et certede

solis analogiis agitur libro quinto. Proclus putat totum librum

hunc esse communem Arithmeticae et Geometriae

(Petri R ami Scholarunz Mathematicarum libri unus et triginta,

p. 2 12 Francofurti,

PAGE 59 .

Last line q ia
, the name of a collection made by

Porus (Sporns) of N icaea. See Archimedis Opera, ed. Heiberg,

vol. pp. z 64 and 300 : cf. infra pp. 184
—
5 . D r. Heiberg, how

ever, distinguishes the ample: of Porus from the mpt
'

a of Aristotle,

and thinks that by thelatter is meant h is treatise sup! aoq mav

e
’

Ae
’

yxmv (loc. cit. p.

SeeCommandinus, E nclidis E lementorurn , L ibri X V.
,
una own S choliis

an tiguis, fol. 135 , p . 2 , Pissuri, 16 19 ; also E nclidisElem . Graece ed. ab August,

pars ii. , p. 284 ; and B illingsley’sE uclide, fol. 246 , in each ofwhich a certain

lemma, scholium,
orannotacion , isattributed toProclus.



N otes andAdditions.

PAGE 6 1.

M. PaulTannery (la Gtomttrie Grecgue, p. 8 1) thinks that this

passage of I amblichus has h itherto been misunderstood. The last
sentence is translated by M. Tannery thus Voic i comment les

Pythagoric iens disent que la Géométrie fut rendue publique.

L
’

argent desPythagoric iens fut perduparl
’

un ala suite

de cc malheur, on lui accorda de battremonnaie avec la Géométrie,
—et la Géométrie fut appelée Tradition touchant Py thagore.

’ M.

Tannery infers that thelast wordsof the passagewere the title of a
work on Geometry which Eudemus had in his possession, and from

which be derived his information concerning the works of the

Pythagorean School.

I am unable to agree with M. Tannery either as to the inter

pretation of thispassage or in the inference he draws from it.

PAGES 64
—
7 5 .

The first part of th is extract—as far as p. 69
—is taken by

S implic ius ch iefly from Alexander of Aphrodisias, and the te

mainder—from p. 69 to the end— from the second book of the

History of Geometry of Eudemus.

The Aldine edition of the commentary of Simplic ius on the

Phy sica Auscultatio was published in 15 26 . I n this edition the

text of the fragment of Eudemus isadmitted to be very inaccurate.

He adds the following notes
.

1 ’

A1roBaAe
'

ivrwa r
‘hvabaiawréivHUOa'

yopelc-w. On traduit d
’

ordinaire Un

pythagoricien perdit sa fortune.

”
Cette in terpretation ne tient nullement compte

dela construction dela phrase, ui desmoeursdel’époque alaquelle se rapporte
la tradition . Les Pythagoriciens vivaient en communauté ; le dépositairedela
bourse commune la perd, ilfaut recourir adesmoyens extraordinaires. Voila

lalégende ; autrement elle ne se tien t pas.

3 8} i) yewperpia robs 1100117 611011 iaropia, cc que Ifiessling traduit

Vocabatur autem Geometria a Pythagora h istoria . Ilsemble avoir entendu

Pythagore appelait Géomé trie h istoire”

,
interpretation insoutenable atous les

points de vue.

’
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M. Paul Tannery ( Ia Glomltn ? Grecque) has noticed the sac

cessive attempts which have been made to explain and restore
this fragment—a subject which he had treated more fully in the

t oiresdela Socie
'

tt des Sciencesphy sique: et naturelles deB ordeaux

(Tome v. , 2
‘
série, I give here the passage from the

former work

Bretschneider ( 1870 ) parvint le premier A expliquer conven

ablement l’extrait d’

Eudéme conserve par Simplic ius, et par

reconnaltre qu
’

ancun paralogisme n
’

y est attribué A Hippocrate ;
qu

’

au contraire on trouve dans cet extrait une suite de théorémes

aussi intéressantsqu
’

irréprochables.

Quoique ledocument ne remontepasAHippocrate lui-meme,
iln’

en serait pas moins inAppréc iable pour permettre de juger

des connaissances géométriques de son époque, si malheureuse
ment Simplic ius, sous prétexte d

’

éclairc ir nn texte trop conc is, ne

s
’

était pas avisé d’y introduire des explications de son cru et de

malencontreux développements, qui le défigurent singuliérement.

La restitution du texte d
’Eudéme devient dés lors assez diffic ile

pour que Bretschneider ait été entralné A de graves erreurs,

notamment A dénier A Hippocrate la connaissance de la pro

priété caractéristique des segments semblables, Asavoir que tous

les angles inscrits y sont égaux.

M . Allman (Hermathena, I V . , No. 7 , p. 196
-202 ; 188 1) a, le

premier, donné une traduction du texte d
’

Eudéme, en le débar

rassant des interpolations de S implic ius, d
’

apres des régles dont

l
’
application peut étre discutée dans les détails, mais dont les
princ ipessont hors de conteste. L

’

annec suivante (Berlin ; 1882 )

paraissait l
’

édition critique du Commentaire de Simplic ius sur les

quatre premiers Livres de la Physique d
’Aristote, avec un texte

singuliérement amélioré et un essai de distinc tion des inter

polations dans lo fragmen t d
’

Eudéme (p. 6 1 Pour cette

distinc tion , le savant éditeur, H. D iels, s
’

était aidé des lumiéres
deM . Usenet de Bonn, qui, en procédant suivant des princ ipes

analogues A ceux de M. Allman , est arrivé Ades résultats con

cordants sur divers points, divergents sur d
’
autres. M. D iels a,

d
’
autre part, inséré dans sa Préface, Ala suite de remarques de

M. Usenet (p. xx111. quelquespages (xxv1.
-xxx1.) d

’
obser

vations critiques qu
’

ilm
’

avait demandées, et dans lesquelles, tout
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TA B L E

ExH1E1T1NG THE COR R E SPON D ENCE B ETWEEN THE S EVE R AL PAR TS or

Tms Boon , AND THE OR I G I NAL AR TI CLE S 1N HE R MATHENA.

’

Boon . HE RMATHENA .

I NTEODUCTI ON . ,

Vol. N O. V .
,
pp. 160-207, February, 1878 .

CHAPTE RS I .
,
H .

,

CHAPTE E I I I

CHAPTERS I V .
,

CHAPTE R VI

CHAPrEEsV I I .
, V111.

,

CHAPTE R I X .
,

The B ibliographicalNotice at the endof ChapterV . appeared in Hermathena,

Vol. V .
,
No. X I .

Vol. I V No. V I I . , pp. 180-228 ,
Vol. V No. X .

,
pp . 186-235 ,

Vol. V No. X L , pp . 403-432,
Vol. VI . , No. X I I . , pp . 105-130,
Vol. V I .

,
N o. XI I I .

,
pp . 269-278 ,



I NDE X .

Absurdum, reductio ad, 43, 82 , 83,

139, 186 , 188 .

Academy, 5 , 85, 118, 123 , 15 7, 178 ,

179, 2 11, 214 .

Achaeans
,
103 .

Achilles and tortoise, 5 5 .

“ tin n y , i t a
'

yo
‘

yfisis, 139 St ep ( arty ,

186 .

Aelian , 106 , 107 .

E schylus, 58 .

Agatharchus, 79 .

Agesilans, 128, 129 .

’
Anrwo7 pa¢l17, 81.

Alexander of Aphrodisias, 66 , 77 , 78 ,

108, 22 1.

Alexander theGreat, 154, 179.

Alexandria, S choolof, 1, 2, 200 .

Algebra, 16 , 48, 70 .

Allman , George Johnston, 116
,
192,

222
,
223 .

Allman ,William, 205 .

3 : 471 83 °

Amasis, 9.

Amenemhat I .
,
2 18 .

Am eristus (Mamercus) , 3, 93 .

Amphinomus, 155 .

Amyclas, 4, 79, 154, 180 .

61110107 011, 145 .

Analysis, methodof geometrical, used
by Eudoxus, 4, 88, 132 ; defined

in and used by Euclid
, 4, 136 , 195 ,

198 ; known to Pythagoreans, 41 ;

invented or taught by Plato, 41,
123 ; elaboratedor invented by Ar
chytas, 41, 88 , 123 ; by Theodorus,
41 usedbyHippocrates, 41, 97 ; by
Menaechmus, 88 , 160-163 ; amethod
of reduction , 140 ; treatedofby Pap
pus, Apollonius, andAristaeus, 194,
195. 198. 203

A-naxagorasa 31 I 7, 541 581 59, 791 83 1

122 .

Angles, of isoscelestriangle, 8, 10 ; sum

of, in triangle, 10-13 , 24 ; in semi

circle, 10, 13 , 76 , 116 ; in same seg

ment, 73 , 114 ; in similar segments,

76 ; re-entrant, 74 trisection of,

88-92 , 191.

Anticleides, 22 .

Antiphon . 56. 59. 6 2. 64—66. 77. 81.
82 .

m um. 41. 58. 59. 89. 97. 139. 140 .

Apollodorus (Apollodotus), 8, 25 , 26 ,
130, 132, 177 .

ApOllonius, on conic sections, 93, 100,

122
,
164, 165 , 196 , 201 on loci

,
117 ,

118
,
197 ; on doctrine of analysis,

195 , 198 ; on regular solids, 198 .

drorélteapa, 29 .

Arc , 181.

Arcadius, 220 .

Archaic Greek geometricalexpressions,
8. 30. 72. 155 . 166 .

a f b 29 °
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Archimedes, Open , 3 , 53, 150 :junior

toEuclid, 5 ; quadratureofparabola,
3 5 9 {33 ; Of ew e, 47 , $90 828 1839

187 ; terminology, 70, 165 , 166 , 170 ;

trisection of angle, 90, 91 ; spirals,
92, 93 ; method of exhaustions, 95 ,

96 , 133, 134 ; mechanics, 110 solid

geometry, l331 134 ; ref. 5 71 59s 83 1

85 , 111, 157. 158, 175 , 220.

Archippus, 104, 105 .
Architas, 35 , 108-110 .

Archytas, life, 4, 106 , 107 ; relations

with Plato, 4, 106
,
148, 172-174,

175 ; doctrine of proportion , 2 7 , 45 ,

108, 132, 134 ; numericalexpression
of sidesof right-angled triangles, 35 ,
108 , 109 ; orArch itas

, 35 , 108-110 ;
geometricalanalysis, 41 88 ; D elian

Problem, 88, 110-114, 133 , 140, 141,
152, 15 7-159, 189, 190 ; mechanics

andmechanicalcontxivances, 94, 110,

158, 159, 17 1
-173 , 190 ; mathematical

knowledge of, 114-127, 169, 175 ,

176 ; relations with Eudoxus, 128,

130
-134, 148 ; continuity of work

,

205 , 206 .

Areasandsurfaces, geometry of, 7 , 16 ,
28 sq. ; around point, 12, 24, 38 ;

application (excessanddefect) of, 24,
25 , 41, 43 , 122, 170, 171, 211.

Aristaeus, 165 , 194
-205 .

Aristophanes, 26, 42, 78 .

Aristotle, gnomonic numbers, 32, 33 ;
ref. toHippocrates, 5 7 , 58, 61, 100 ;
quadratureof circle, 62 sq.

,
100 ; ter

n inology, 70 ; Ann oy
-fl, 97 , 98 ; toy

invented by Archytas, 107 ; lost

works, 107 ; character Of Eudoxus,

129 ; aphorism of
,
146 ; relations

with Alexander theGreat, 154 ; with

Schoolof Cyz icus
,
154, 178, 179 ;

astronomicaltheory, 160, 172 ; square
and oblong numbers, 209 ; ref. , 19,

22 , 43 , 56 , 98 , 1o8, 220, 222 .

Aristoxenus, 20, 23, 79.

Arithmetic , 21—23 , 48-50, 125 , 132 ,

146 .

Arneth , 1, 46 , 93 .

Arrowsflying, 55 °

ape
-m , 32 , 209 .

Asclepius, 109 .

Ast, 27 , 28.

Astronomy, 7 , 8 , 17 , 21, 23 , 125 , 126 ,
142, 148, 149, 160 .

Admirer” , 208 , 209 .

Asymptotes, 166, 170, 17
Athenaeus, 107 .

Athenaeusof Cyz icus, 5 , 178 .

Athenians, 102, 105 .

Athens, 18, 53, 54, 102 .

A tomists
,
22

, 56 .

August, 49, 132, 219, 220 .

AulusGellius, 110 .

Autolycus, 150, 180, 181, 186 .

B abylonians, 14, 27 , 50 .

Ball, W.W. R ouse, 2 17 .

Bentley, 105 .

B ibliographicalNotes, 1-3 , 52 , 53 ,

102, 150-152, 180, 206 , 2 17 .

B iering, 85 , 223 .

B illingsley, 2 19, 220 .

B irch , 16 .

B oeckh
,
129, 130, 153, 172 , 178 .

Boethius (Boetius) , 3, 35, 48 , 109.

B randis, 19 .

B retschneider, notices of works
,
1
,
2
,

5 2, 6 2, 15 1 ; on determination of dis

tances by Thales, 14 ; on squares on

sidesof 1i ght-angled triangle, 36 ; on

geometry of Hippocrates, 63 , 7 1
74, 100 ; on quadratrix, 93 , 187, 188 ;

on Archytas’ solution Of D elian

Problem ,
123 , 125 ; on proportions

ascribed to E udoxus
,
134 ; on Eu

clid
’
s E lements, 135-137 , 202 ; on

Eutocius
’
criticism of Eudoxus, 140 ;

on Menaechmus, 153, 154 ; do. asto
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naptae, 16 , 80 atomic philosophy
founded by, 56 ; on incommensu

rables, 57 , 146 ; not named by Pro

clus, 79, 189 ; Plato
’
s antagonism

to, 79 ; Education of, 79, 80 ; mathe

maticalwritings of, 80, 81, 83 ; on

section of cone, 81 ; ref., 98, 122
,

M4; 193 »

DeMorgan, 3, 147, 212, 219.

Descartes, 48 .

m m” : 55-5 79 144‘
Diels, 28, 208, 222 .

D iogenes Laertina, ignorance of geo

metry, 10, 14, 190 on viewsof Py

thagoras, as to circleandsphere, 28,

46 on Plato in relation toanalytical
method, 41, 123 ; ref. toD emocri tus,

5 7 , 794 1: on use by Archytas of

mechanicalmotion in geometry, 94,
110, 189 on Eudoxus, 128-132 ref.,

14, 19, 20, 22, 23 , 26 , 56 , 93, 128 .

Dionysius,elder, 103, 105 , 107 younger,
178 .

D iophantus, 150, 171.
81071107162, 4.

D isaster in connection with disclosure

of secrets, 25 , 43 , 60, 143 .

Dodecahedron , 26 , 39, 40, 43, 60, 6 1,

86 , 198, 201-204.

D omainos, 210.

D ositheus, 95 , 96 .

D rawing, geometrical, 176 .

Duhamel, 140.

Barents-n, 863001411, 208 .

Duplication of thecube, seeCube.

45 £4
?

5, AB , 72 .

E gyptians, invention of geometry by,
2 ; its elementary character, 7, 15 ;

geometry and astronomy learned by
Thales from, 7 , 8 ; tiled pavements
of, 12, 29, 31, 33 ; ignorant of simi

larity andproportion of figures, 14 ;

squareandlevelusedby, 15 ; skilled

in practicalgeometry, 16 , 80, 2 18

D emocritus taught by, 16, 80 ; cos

mology of, 29-32, 2 18 ; geometry of
Pythagoreanscomparedwith, 28 , 39,
47 , 78 ; geometricalfacts known to,
79 26s 291 331371 381 39s43 ; quadra'

ture of circlesought by, 47 , 79, 97 ;
trisection of right angle possible for,
88 ; motions of planets learned by
Eudoxus from, 133, 148 ; art of

geometricaldrawing derived from
,

176 .

Eleatic School, 54-56 .

Elements
,
natural

,
represented by te

gular solids, 38, 40, 86 , 87 , 204.

Elements
, wri ters of, 4, 5 ; of Euclid,

terms used in, 4, 25 , 65 , 209, 2 10 ;

construction of Platonic b
p
dies, the

finalaim of, 6 , 204 ; propositions
in

,
referred to Thales

, 9, 11, 14 ; to

Schoolof Pythagoras, 11
,
24, 26 ,

40-44. 47. 14s. m ; to E gyptians.
371 38 ; to Eudoxus: 96 s 133 : ‘34'

140, 145 , 146 , 211, 2 12 ; to D emo

critus, 146 ; to Aristaeus, 202 ; to

Theaetetus, 207, 211, 212 reference

to by Simplicius in extract from

Eudemus, 63 , 64, 69, 71 ; Heiberg
’
s

edition of, 150, 180, 206 , 2 17 , 220 ;
ref” 35: 36 9 451 491 5 71 73 1 83 1

208-210
,
219, 220.

(M eal/11, 34, 155 , 165 , 17 1.

Ellipse, 24, 100, 122, 155 , 156 .

E nestriim, 206 .

Equation , 48, 171.

Equations, quadratic , 73 , 211.

E ratosthenes, proportion as bond of

mathematics, 49 ; reduction of De

lian Problem by Hippocrates
, 59,

84 ; legend of D elian Problem
,
85 ;

its solution by Archytas, Eudoxus,
andMenaechmus, 111, 158 , 159, 173,
190 ; discovery of conic sections by
Menaechmus, 156 , 163, 170, 171 ;



I ndex.

epigram,
156 , 157 ; Plato

’
s answer

to D elians, 173 , 174 ; works, 173 ,

195 ; Mesolabe, 190 ; ref., 114, 140,
141.

treptmxee, trope/aim ” , 32, 209, 210.

Euclid (see also E lements), 5 , 55 , 110,
” 41 t321 I SS1 I 951 l974 991 3 91°

Eudemus, historical summary, 2-5
application of areas, 24 quadrature

oflune, 69-75 , 221, 222 solution of

D elian Problem by Archytas, 111
113 , 185 , 2 15 ; ref.passim .

Eudoxus, sketch of life, 4, 128-132 ;

geometricalwork of, 45 , 88, 96, 111,
132
-143 , 149-159, 187 ; doctrines in

Euclid
’
sE lements attributed to, see

E lenwnts; relations with Archytas,
128 , 131 ; with Plato, 128, 129, 147 ,

I 4S1 I 591 I 72'4 74-1 17 71 With

Menaechmus, 153 ; school of

Cyz icus
,
129, 130, 149, 150, 178 ,

179 ; term h ippopede invented by ,
142 , 156 , 15 7 ; supposeduse of ia

struments by, 159, 171, 190 ;

place in history of science, 148—150 ;
ref. , 90, 158 , 160 , 172, 186

,
205 ,

207 , 2 14, 217 , 220 .

Euripides, 54, 85 .

E utocius, on quadrature of circle, 59 ;

on solution of D elian Problem by
Archytas, 111

-113 ; byEudoxus, 140,
141 byMenaechmus, 158 , 160

—163 ;
by Plato, 173-175 ; by Sporns, 184,
185 ; on loci, 115

-119 ; on namesof

conic sections, 15 5 , 164 ; on use of

instruments in geometry, 163 , 170 ;

ref. , 21, 98 , 189.

lfdyuvov, 65 .

E xhaustions, method of, 82, 95 , 96 ,

138, 139 , 146 , 192 , 211.

Fabricius, 60, 6 1
Favaro, 116 .

Favorinus, 23 , 110 .

229

Figura s
“mm“ I 4, 151 25 , 441 751 761

143 .

Flauti, 119, 120, 141.
Flussas, 220.

Friedlein, 3, 108 .

Frisch
, 49.

Gelderde
,
124.

Geminus, 11, 155, 163-165 , 191, 192,

218.

Geometry, invented by E gyptians, 2 ;
no royalroadto, 5 , 154 ; brought to
Greece byThales

, 3 , 7 , 19 ; of E gyp
tians and Thales compared, 7 , 15 ,
16 ; of Thales analysed, 10—17
raised to rank of science by Pytha
goras, 19, 22 ; ofPythagorean school
analysed

,
28-48, 143 , 144, 211 ; of

Pythagoreans and E gyptians com

pared, 28 , 29 ; first publishedby Hip
pocrates in Athens, 54 ; influence of
Eleatic Schooland of Sophists on
development of, 54-57 , 101, 144

147 ; of Hippocrates analysed, 75
77 ; of Democritus, 81—83 ; of

Archytas, 114
-116

,
122

,
123 ; ser

vices of Eudoxus to, 148, 149 ; of

D einostratus analysed, 185 , 186 ; of
Aristaeusanalysed, 201, 202 .

yvépaw, 30 .

Gnomon , 351 37 , 33 , 136.

219.

Gnomonic numbers, seeNumbers, gno
monic .

Gow,
15 1, 15 7, 165 .

7 90mm “,
209°

Greece, seeHellas.

Gregor” D .
,
l55 °

Grote, 19, 129-131, 144.

Griippe, 107 .

Halley, 11, 118 .

Hankel
,
work by, 2 on reputedknow

ledge ofmusicalproportion by B aby



lonians, 27, 28 ; on Pythagoreans

in reference to square and oblong,
33 topentagon anddodecahedron,

38 ; to Euclid
’

s Elements, 43 , 145 ;

on Eleatic Philosophy, 54. 5 5 on

invention of quadratrix, 93 , 94 ; on

methodof exhaustions
, 95 , 192 on

method in history of mathematics,
15 1 ; ref. 19, 52, 73, 101.

Harmonicalproportion
, 27 , 44, 45 .

Harpedonaptae, 16 , 80, 218 .

Heath , 150, 180 .

Heiberg, works by, 53 , 150, 180
,
206 ,

on Lemmata of Archimedes,

91 on passage from Eutocius, 118 ;
from Pappus, 199-201 ; ref. to Eu
clid’s Elements, 136 , 137 , 212 , 220 ;

on Marie’s Hist. des Sc . math . et

phys., 15 1 on mathematicalterms,

15 5 , 16 5 , 166 on description of conic
sections, 171 ; ref.

,
114, 158, 175 ,

192. 220, 223 .

Helicon, 133, 172, 177 , 178 .

Helix, 156 .

Hellas, review of events in, 18 , 19, 52

54, 102
—106 .

Hermias, 179 .

Hermotimus, 5 , 207 .

Herodotus, 18 , 19, 103 .

Heron , 3 , 34, 37, 108 , 159, 210.

Hexagon, 12 , 24, 40 , 65 , 76 , 202 .

Hieronymus
,
8 , 14.

Hiller, 5 2.

Hippasus. 25. 2 7. 42. 4s. 60. 6 1. 132.
134.

Hippias of Elis
, 3, 92-94, 17 1, 189

I 93. 3 3 3

Hippocrates of Chios, biographical
references to, 4, 5 7

-
59 , 6 1, 62 , 98

100 ; first writer of Elements, 4, 58 ;

quadrature of lanes, 4, 41, 58 , 59,

6 7—75 , 99, 100 of circle, 59, 62, 6 7 ,

68 , 96, 97, 99, 100 ; use of method

of reduc tion by, 41, 58 , 59, 84, 97 ;
inferences as to geometficalknow

ledge of
, 76 , 7 7 , 84 ; disclosure of

Pythagorean secrets by
, 58, 60, 6 1

reduction of Delian Problem by, 59 ,
84 ; supposeduse of method of ex

haustions by, 95 , 96, 192 ; term

Carla“ used by, 208 ; ref. 44, 47 ,

114, 115 , 222 .

Hippopede. 133. 142. 143. 156 . 15 7 .

217 .

Hoche, 3 .

Hoefer, 2, 16 , 35 , 15 1.

Homer, 78 , 141, 156 .

Horace, 107 , 110 .

Horus, 29, 32 .

R ultsch
, 3 , 5 2, 102 , 150, 180 ,

210. SeealsoAutolycus, Heron , and

Hyperbola, 24, 90, 100, 119, 122 , 164
166

,
170, 171, 177 .

Hypsicles, 198 , 201
-203 .

I amblichus, on shipwreckofHippasus,
25 , 43 , 61 on Pythagoreans in refe

rence todisclosureof secrets, 25 , 42,

43 , 58 , 60, 6 1 to jealousy regarding
Pythagoras, 26 , 6 1 ; to Signs of re

cognition, 26 , 42 tomaxim quoted,

5 1 on proportions, 2 7 , 45 , 46 , 132,
134 ; on quadrature of circle, 28 ;

ref 20. 45. 77. 98. 99. too. 135 .

171, 22 1.

I cosahedron, 39, 86 , 87 , 198 , 201
-204.

I deler, 149.

I ncommensurables, I rrationalquanti
ties, theory of, discovered by Py
thagoras. 3. 22. 27 . 33. 42.

13 7—139, 143 , 144, 2 13 , 2 14 ; treated

of in E lemen? of Euclid, 42 , 43,

138, 145 , 146 , 207 , 211-2 13 by
D emocritus, 80, 83 , 144 ; by Eu
doans, 96 , 139, 145 , 2 11 ; by Theo
dorus, 207 , 208, 2 13 byTheaetetus,
207 , 212 , 213 ; dialogue on, from

Plato’s Theaetetus, 207-2 10 ; dim
cultiesresulting from , 56 , 57 , 73 , 145 .
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23 2 I ndex .

Mendaeus (Med eus), 5 . Octahedron, 39, 86 , 203.

Henge, 150. Oenopides, 3, 12, 30, 58 .

31
.

080t . 190 611147 017 07 , 65 .

Mrletus, 7 , 181 53 Orellius, 106 .

Moeris, 22 .

Monad, 3 4.

m a m ’ 7’ 8 ’ 3 7 °

Montucla, on foundation of doctrine of
Osrrrs, 29’

I soperimetry, 46 ; on expulsion of

Hippocrates by Pythagoreans, 60
on invention of quadratrix, 92

-94,
191 on solution of Delian Problem
by Archytas, 119 ; on Plato, in refe

rence to methodof analysis, 123-4 ;
ref. , 13, 99, 15 1.

Motion, 55 , 94, 110, 190.

Multiplicity, 55 .

Music, 22, 23 , 49, 132 .

Musicalproportion : seePreportion .

Navarro, 106 .

N ectanabis, 128 , 129.

N eocleides, 4.

Neo-Pythagoreans, 19, 20 .

Nesselmann
,
15 1.

N icias
,
105 , 106 .

N icomachus, 3 , 27 , 44, 135 , 209.

N icomedes, 92, 93 , 94, 180, 191.

N iz ze, 3, 165 , 181.

Numbers
,
base of Pythagorean philo

sophy, 21 sides of right-angled
triangles expressible by, 26 , 27, 33 ,

34 , 108 . 109 ; triangular, 28 ; gno

monic , 31-33 ; square, 3 1-33 , 208

210 ; oblong, 32 , 33 , 209, 210 ; sum
mation of the natural, oddandeven ,

46 cyclical
,
in relation toquadrature

of circle, 78 ; treatedof by D emocri
tus, 80 ; composite, 209 ; prime, 209 ,
210 ; linear, 209, 210 ; solid, 210.

See alsounderProportion , R atio.

7 61141171, rb Oedprma rijs, 2 18 .

Oath , Pythagorean, 28.

Octaéteris, 129 .

a , 192 .

Pachymeres, 2 18 .

Pamphila, 8 , 9, 14.

Pappus, Collectioner (ed. Hultsch ), 3 ,
52 , 102 ; termsand expressions used
by, 6 5 , 75 , 118 ; on trisection ofangle,
89, 90 ; on plane, solid, andlinear

problems, 90 ; on quadratrix, 94,

180—184, 188 , 190, 191 on namesof

conic sections, 165 relations with

Sporns
, 185 , 191 ; on proportion of

circumference to diameter of circles,

187 ; on Aristaeus the elder, 194

198 ; on 115110: dvu vduevos, 194, 195 ;

on inscription of polyhedrain sphere,
202, 203 ; ref. passim . ,

wapaBdAAew, wapaBoAt) , 24, 25 , 17 1,

17 7 .

Parabola, 24, 25 , 100, 119, 122, 133 ,

160-164, 166 , 177 .

Paracelsus, 26 .

Parallelogram, 112, 114, 119, 120 .

Parmenides, 55 .

Peletarius, 219.

wh ines, 3 3 .

Pentagon1 391401 45 1 651 “B 1 l9812011

202 .

Pentagram,
26 , 45 , 143-144.

Pericles
, 54, 103 .

u ploads (weprrrds), 32, 33 , 209.

repupe
‘
pera, 18 1.

Perseus, 931 I 43. I S6

Perspec tive, 79, 8 1, 83 .

é mvdpeva of Euclid, 15 5 .

PhilippusMendaeus, 5 .

Philistion , 128, 13 1.
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Philolaus, 22 , 62 , 80 , 86 , 100, 106 , 144
20

PhilO
s

ponus, 33 , 58 , 6 1, 62 , 173 .

Philosophy, Greek, 1
,

144, 145 ; of

Thales, 1
, 17 ; of Pythagoras and

Pythagoreans, 1, 21, 48
—50, 86 , 87 ,

178 ; I onic , 54, 56 Eleatic , 54—5 7,
144 ; atomic , 56 , 5 7 ; of Socrates,
146 , 147 ; Eudoxus versed in , 149,

150 ; ofmathematicsstudiedbyMe

naechmus, 171 ; Platonic , 174, 179.

Phoenicians
, 50, 53 , 54.

Planets, motionsof the, 133 .

Plato (m eta-w ) , mathematicalservices
of, 4, 124, 214, 2 15 ; relationswith

Archytas, 4, 106 , 108
,
125 ; with

Theodorus of Cyrene, 6 1, 124, 207 ;

with Socrates
,
124 ; with Eudoxus,

128-130, 148, 177 , 178 ; with

Menaechmus
, 4, 153 , 178 ; with

D einostratus, Athenaeus, and Heli

con ofCyz icus, 178 ; with Theaetetus,
206

,
2 11 S choolof, in reference to

conception of loc i, 13 ; on right

angledtriangleswith sidesexpressible
by nnmbem

.
29. 34. 35 . 108. 109

on
,

dissection of figures, 38 ; on

regular solids, 38 , 86 ; in relation to

method of analysis, 41, 123, 124 ;

term in '

orelvovda used by. 75 ; de
struction of wri tings of D emocritus

desired by, 79 in relation to the

Pythagoreans, 86 , 108 , 109, 204 ;

on solution of D elian Problem,

H 41 1241 I 331 I 5 7'4 591 I 71" l76 ;

on solid geometry, 125 , 126 ; on

order in study of sciences, 125 , 126 ;
on ignorance of incommensurables,
126 ; useof instruments in geometry

condemned by
,
158 , 159, 172—174 ;

on geometricalconception of num

bers(from Theaetetus) , 207—210 ; ref. ,
31 46 1 85 1 861 I 08

1
I "

1
I 321 147 ,

179, 220.

rAevpal, 209, 2 10 .

Pliny
. 9. l5

Plutarch
,
on measurement of pyramids

by Thales, 9, 14, 15 on figure simi

lar to oneand equalto another, 25 ,

44 ; on triangle with sides of 3 , 4,

and 5 parts, 26 , 29, 218 ; on Thales
andHippocrates as merchants, 5 7 ;
on D emocritus in ref. to section of

cone, 8 1, 82 ; on Pythagorean cos

mology, 85
-87 ; on Plato in ref. to

D elian Problem
,
133 , 158 , 159, 170,

172—174, 177 on Helicon of Cyz icus,
178 .

Point, plane round a, 12
,
24, 38 ; Py

thagorean definition of, 24 ; analo

gous to monad, 24 ; determination

of, seeLocus.

Points, construction of curves by, 170,
171, 188—190.

Polemarchus, 172, 179.

Polybius, 18, 103 .

Polygon1 ‘2
1
281 381 44 1471 651 661 781

82 .

Polyhedron , 88 . See also} Solids,
regular.

Porism,
118 .

Porphyrius, 22.

Porus, 185 , 220 .

wordy , 23 .

Power, 208 , 213 .

Prime numbers, 209.

Prism. 88. 96. 133. 134. 138 .

Problem and theorem,
10, 118 , 155 .

Problems, threekinds of, 90.

Procluson History of Geometry, 2—6 ;
on application of areas, 24, 25 ; on

Pythagorean triangles, 34, 35 ; on

theorem of Pythagoras, 36 ; on lurc
7 ary
-tp, 41 ; on Plato in reference to

analytical method, 123 , 124 ; on

Menaechmus, 154—15 7 ; ref. passim.

Progressions, 27, 28 , 46 .

Projections, 120—122, 141.

rpopfixns, 209, 2 10 .
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Proportion , doctrineof, 4, 44
-50, 108,

132 , 143 , 145 , 146 , 211 ; in theorem

of Thales, 14, 16 , 143 ; arithmetical,

geometrical, harmonical, and most

perfect or musical, 27 , 44
-
46 ; dis

crete andcontinuous, 140.

Proportional, mean, 40 , 43 , 84, 117 ,

2 14.

Proportionals, twomean , reduction of

Delian Problem to finding, 41, 59 ;

84 ; in relation to Pythagorean cos

mology, 85
—88 , 205 ; solution by

Archytas, 88, 111-114, 158 , 159 ;

by E ndoxus, 88 , 111, 133, 158, 159 ;

by Menaechmus, 88 , 111, 158, 160

163 by E ratosthenes, 158 attri

buted toPlato, 174, 175 .

rpiirot, 209 .

Protractor, 192.

inwo'fl’dfl l‘fi 641 681 98 °

Ptolemy I .
, 5 , 154, 172 ; letterof

E ratosthenes to, 59, 110, 114,

133. t 57s 173 °

Pyramid, heigh t of, measured by
Thales, 8, 9, 14 ; in papyrus R hind,
16 comparedwith prism, 133 ,

134, 138 ; cubature of, 126 , 127 .

See also Solids, regular, andTetra

kedron .

Pythagoras, personalnoticesof, 19, 20 ;
relations with Thales, 19, 20, 49 ;

with E gypt and E gyptians, 20, 50 ;
B rotherhoodof, 20, 53 , 54, 102

-105 ;
veneration entertained for, 20, 21

26 ; raisedmathematics to rank of a

science, 22 discovered theirrational

and the construction of the regular

solids
, 3, 22 ; added arithmetic and

music
,
22, 23 ; employeddefinitions,

23 measuresandweightsintroduced

by, 23 ; theorem of, 25 , 26 ; Py tha

goraefigura, 26 servicesof
, 50.

Pythagoras andPythagoreans, mathe
maticalwork of, 3 , 22-28

, 32-5 1,
88

,
108 , 143 , 17 1, 2 13 , 214 ; in ref.

I ndex.

toElementsof Euclid, seeE lemen ts

in relation to E gyptians, 28, 29, 37 ,
38, 78, 176 ; dificulties in treating

of, 20, 21 ; intimate connection be

tween scienceandphilosophy of, 2 1,
22 ; did not commit their doctri nes

towriting, 2 1, 99 ; doctrinesof, pre

servedsecret, 2 1, 22, 43 ; disclosure

of ditto, 25. 43. 58. 6c . 6 x. 143 ;

publication of, first made by Philo
laus, 22

,
100, 144 ; signs and sym

bols used by
,
26 , 42, 5 1, 143 , 144 ;

oath of, 28 ; quadn
'

uium
,
23 , 48 ;

cosmology of, 38 , 40, 86 , 87 , 204,

205 ; maxim of
, 5 1 silentmeditation

enjoined by, 89, 99 ; m am mal,

M ayer
-
11101, 99 ; Pythagorean num

bers, 209 ; ref.passim .

Quadrant, 181, 184, 186 .

Quadratrix, 92-94, 171, 180-184, 186
193 .

Quadrature, of the circle, see Circle ;

oflunes, see Lune ; of the parabola,
25. 133 °

Quadrivium, 48 .

Quantity, discrete and continuous, 23 ,

48 .

R amus, 204, 220 .

R atio (see Proportion), extreme and

mean (sectioaurea,proportiodivina),

40. 42. 45. 135. 137. 138. 143 , 29 1.

R ectangle, 43 , 44, 210 .

R ectification , of the circle, 186 , 187 .

R eductio ad absurdum
, 43, 139, 186 ,

188 .

R eduction (seealso drum-qty), 87 , 88 ,
92. 97. 98

R eimer, 85 , 165 .

R habdas, 206 .

R hind, Papyms1 161 471 700

R itter, 19.

R oot, 208 , 213 .
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206, 217 ; on passage in I amblichus,
221 on fragment of Eudemus, 222,
223 ; ref. , 2 10, 2 12, 218 .

Taylor, Thomas, 10, 5 1.

Taylor, Charles, 53 , 60, 100.

Tennulius, 23 .

Terms, Greek mathematical, 65 , 69, 70,
I 55. 156. 159, i 6s. 166

. 17x. 177.
180, 181, 208-2 11.

rerpayun amis, rofiulo w, 79.

rsrpa
'

yurffow a, 181.

321 33 1 65 1 309'

rerpdyun sAmends, 209.

rerpdrAevpor, 65 .

Tetrahedron , 38 , 39, 86 . SeePyramid.

Thales, founder of Greek philosophy
andscience, 1 ; practicalgeometry and
astronomy introduced from E gypt
by, 3 , 7 ; geometry of lines created

by, 7 , 15 noticesregarding life and

work of
, 7 , 8 , 9 ; discussion on geome

try of, 10-17 ; theorems of, 8 , 10,

14 foundations of algebra laid by,
161 48 ; ref' 1 I 91 451 491 501 571 721

115 , 116 .

Theaetetus, 4, 5 , 107 , 206-2 14.

Themistius
,
62

, 77 .

Theodorus of Cyrene, disclosure of

Pythagorean secretsandexpulsion of,
58 , 60 , 6 1 relationswith Plato, 41,
6 1, 124, 125 , 207 ; with Theaetetus

206 , 207 on geometricalconception
of numbers, 207—2 10 ; on incommen
surables, 208, 2 13 ; ref. , 4, 58, 215 .

Theodorus of Samos
,
15 .

Theodosius, 3 .

7 71eolog
‘umena An

’

thmetica, 28, 2 10.

Theomedon , 128, 131.

Theon ofAlexandria, 220.

Theon of Smyrna, 21
, 52. 109. l53.

160
,
209.

Theophrastus, 21
Theudius

, 5 .

Thucydides, 102, 105 .

Oedpsma rs
‘

js 11611-0711, 2 18 .

I ndex .

oupeds, 155 , 156 .

Thuri i
, 103 , 105 .

Tiedemann
, 33.

TiledPavement, 12, 29, 30, 33 .

Timaeus, 38 .

Tl‘filu s 691 x59:

7 5 lo
’
03, K, 72 .

roperis, 69.

rdt oc crepeol, 119, 195 , 196 , 199, 200,
203 .

rh o: (see Locus), draAudueros, 118,

194, 195 , 198 , 203 ; darpovopoéperos

194 .

Tore
,
119, 12 1, 122, 141.

Trapez ium, 70, 77 .

Triangle, isosceles, 8, 10-12 , 30, 38 ,

40, 42, 76 , 164, 2 14 ; inscribed in
circle, 8 , 10

,
13, 77 ; right

angled, 8 , 1o—13 , 15 , 42, 114 ; ditto
with sides expressible by numbers
(Py tkagorean )1 26

1
271 291

42 , 108, 109, 214 ; squares on sides

of (theorem of Pythagoras) , 25 , 26 ,

35-38 , 2 14 ; determined by base
andbaseangles, 9, 13 dissection of,

10, 12, 38 ; sum of angles in , 10-13 ,
24, 164 ; equilateral, 10-12, 24, 38,
39, 76 , 164, 202 ; scalene, 11, 38 ,

164. 2 14 ; equiangular. 14, 35. 76 .

143 ; triple interwoven , see Penta

gram ; perfect, 28 ; most beautiful,
29, 38 , 214 ; obtuse-angled, 76 ; of
icosahedron inscribedin sphere, 198,
201, 203, 204 .

Triangles similar. 9. 14. is. 35 . 40.

74. ” 4. I 43

Triangularnumbers, 28.

Trisection of angle, 88—92, 191.
Tschirnhausen , 188 .



I ndex.

Valckenaer, 85 .

ValeriusMaximus
,
110.

Vegetables, mathematical connection

between partsof, 205 .

Vieta, 92.

Villoison, 58, 61.

Vitruvius, 26 , 79.

Volumes, 16 , 83 , 134.

Wilkinson
,
12

,
29, 3 1.

Xenophanes, 19.

Xenophon, 77 , 124, 142 , 156 , 15 7 .

Zeller, 21, 86, 104, 153 , 178, 191.

Zeno, 54: 55 0 144; 145 °

Zeuthen , 180, 206 .

T
'

HE END .
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Dam n m vsssrrr ru es slates—continued.

Theory of E quat ions with an I ntroduction to the Theory of B inary
Algebraic Forms. B WI LLI Au Snow B uansrns, M .A. , E rasmus Sm ith

'
s

Professor 0 Mathema ice in the Un iversity 0 D ublin andAlumni WiLLrAu
PAN ‘

rON , .A. , Fellow and Tutor, Trin ity allege, D ublin . Second Edition

The Parmen ides of Plato : with I ntroduction , Analysis, and N otes.

B y TuouAs MAouras, LL .D ., D . L1r. , Fellow and Tutor, Trin ity College,
D ublin . 7s. 64 .

The MedicalLan guage of St . Luke a Proof from I nternalEvi
dence that The Gospel ac cordin to S t. Luke and “ The Ac ts of the
A tles were written by the same erson , and that thewriterwas aMedical
an . B

5
the R EV . WiLLiAu KI RK HOBAR T , LL .D . , E x-Scholar, Trin ity

College, ublin . 163 .

m o of S irWm . R owan Ham ilton , I n t . , LL .D . ,

Andrew Professor 0 Astronomy in theUn iversity 0 D ublin , andR e
g
alAstro

nomer of I reland, 6-c . including Selec tions 11: his Poems, orr ou

deuce, andMiscellaneous Writings. B y R ossxr a csvu GaAvns, .A. ,
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