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PREFACE.

TH IS book i1s the reproduction of a Paper, the
several parts of which appeared in Hermathena

during the last eleven years. The favourable ‘recep-

tion which from the first it met with on the part of

many competent authorities, as well in this country
as on the Continent, and the desire which has been

expressed in several quarters that the Articles should

be collected and published in a volume, have led to
this publication.
I have prefixed headings to the chapters, and

introduced some additional diagrams. I have also
added some notes and an index. Some changes, too,

were necessitated by the new form of the Work; and

I have made a few corrections, which are indicated
for the most part by brackets. With these exceptions
the book 1s textually the same as the Paper in Aer-
mathena. In this Paper great pains were taken to

ensure accuracy in the references : these I have since
checked, and I trust that they will now be found

quite reliable.
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It has been, throughout, my aim to state clearly
the facts as known to us from the original sources,
and to make a distinct separation between them and
conjectures, however probable the latter might be.

The bust in the frontispiece 1s taken from

Gronovius, Zhesaurus Graecarum Antiguitatum, Vol.
II., Tab. 49. The inscription under 1t in the

‘engraving 1S :—

ARCHYTAS

Pythagoricus Mechanicis Clarus
Ex Nummo aereo apud Fulvium Ursinum.

Ample references are given in the notes to the
authors whose works I have studied.

It only remains for me now to express my warmest
thanks and acknowledgments, in the first place, to

my friend DR. JoHN K. INGRAM, Senior Fellow of
Trinity College, Dublin, to whom this Work from

its inception and during its course 1s much indebted.
Indeed 1t would scarcely have been written but for
the hospitable reception afforded to it in the pages of
Hermathena, which periodical, edited by DR. INGRAM,
enabled me to publish the results of my labours

gradually. In the midst of his many and arduous

duties, and of his own important literary work, he

has been always ready to assist me by his kind en-
couragement and sound judgment. |
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I have, in the next place, to acknowledge my great

obligations to my late friend and colleague DR. JonN
F. Davies, Professor of Latin in Queen’s College,

Galway, whose recent death I deplore. In the later

Articles in Hermathena 1 was much aided by his

counsel and valuable suggestions: he kindly super-
vised all the translations that were not purely mathe-

matical ; he carefully revised the proofs, and added
Nor can I close this reference

some critical notes.

to Dr. Davies without dwelling for a moment on
his rare qualifications as a scholar, his disinterested
love of learning, and the nobleness of his personal
character.

In conclusion, I have to express my thanks to

the Provost and Senior Fellows of Trinity College,
Dublin, for including this Work in the Dublin Uni-
versity Press Series.

GEORGE J. ALLMAN.

QUEEN'S COLLEGE, GALWAY,
January roth, 1889.



ERRATA.
Page 49, note 77, for Dr. h. read Dr. Ch.

Page 114, note 35, ,, solution ,, solutions.

Page 122, note 47, ,, df.

Page 140, line 23, ,, discreet ,, discrete.
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GREEK GEOMETRY

THALES TO EUCLID.

INTRODUCTION.

Object of this Work.—Authorities on the Early History of Geometry.—The
Historic Summary of Proclus.

N studying the development of Greek Science, two
periods must be carefully distinguished.

The founders of Greek philosophy—Thales and Pytha-
goras—were also the founders of Greek Science, and from

the time of Thales to that of Euclid and the foundation of
the Museum of Alexandria, the development of science was,
for the most part, the work of the Greek pktlosopriers.
With the foundation of the School of Alexandria, a second
period commences; and henceforth,- until the end of the
scientific evolution of (Greece, the cultivation of science

1 It has been frequently observed, and is indeed generally admitted, that the
present century is characterised by the importance which is attached to historical
researches, and by a widely diffused taste for the philosophy of history.

In Mathematics, we have evidence of these prevailing views and tastes in two
distinct ways :—

1°. The publication of many recent works on the history of Mathematics, ¢.g.—
Armeth, A., die Geschichte der reinen Mathematik, Stuttgart, 1852 ;
*Bretschneider, C. A., die Geometrie und die Geometer vor Euklides, Leipzig,

B
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was separated from that of philosophy, and pursued for
its own sake.

In this work I propose to give some account of the pro-
gress of geometry during the first of these periods, and also
to notice briefly the chief organs of its development.

For authorities on the early history of geometry we are
dependent on scattered notices in ancient writers, many of
which have been taken from a work which has unfortu.-
nately been lost—the Hislory of Geometry by Eudemus of
Rhodes, one of the principal pupils of Aristotle. A sum-
mary of the history of geometry during the whole period
of which 1 am about to treat has been preserved by Pro-
clus, who most probably derived it from the work of
Eudemus. I give it here at length, because I shall fre-
quently have occasion to refer to it in the following
pages.

After attributing the origin of geometry to the Egyp-
tians, who, according to the old story, were obliged to in-
vent it in order to restore the landmarks which had been
destroyed by the inundation of the Nile, and observing
that it is by no means strange that the invention of the
sciences should have originated in practical needs, and that,

1870; Suter, H., Geschichte der mathematischen Wissenschafien (1st Part),
Zurich, 1873; *Hankel, H., sur Geschichte der Mathematik 1n Alterthum und
Mittel-alter, Leipzig, 1874 (a posthumous work) ; *Hoefer, ¥., Histoire des Mathé-
matiques, Paris, 1874. (This forms the fifth volume by M. Hoefer on the
history of the sciences, all being parts of the Histoire Universelle, published
under the direction of M. Duruy.) In studying this subject, I have made use of
the works marked thus®*. Though the work of M. Hoefer is too metaphysi-
cal and is not free from inadvertencies and even errors, yet I have derived
advantage from the part which concerns Pythagoras and his ideas. Hankel’s
book contains some fragments of a great work on the History of Mathematics,
which was interrupted by the death of the author. The part treating of the
mathematics of the Greeks during the first period—from Thales to the founda-
tion of the School of Alexandria—is fortunately complete. This is an excellent
work, and is in many parts distinguished by its depth and originality.

‘"The monograph of M. Bretschneider is most valuable, and is greatly in
advance of all that preceded it on the origin of geometry amongst the Greeks.
He has collected with great care, and has set out in the original, the fragments
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mentioned them in his ¢ Rivals’’ as having won fame by

their mathematics.

After these, Hippocrates of Chios, who found the
quadrature of the lune, and Theodorus of Cyrene became
famous in geometry. Of those whose names have come
down to us, Hippocrates is the first writer of Elements.

Plato, who lived after them, contributed to the pro-
gress of geometry, and of the other mathematical sciences,
through his study of these subjects, and through the
mathematical matter introduced in his writings. Amongst
his contemporaries were Leodamas of Thasos, Archytas of
Tarentum, and Theaetetus of Athens, by all of whom
theorems were added or placed on a more scientific
basis.

To Leodamas succeeded Neocleides, and his pupil was
Leon, who added much to what had been done before.
Leon also composed Elements, which, both in regard to the
number and the value of the propositions proved, are put
together more carefully; he also invented that part of the
solution of a problem called its determination (dwopioudc)—
a test for determining when the problem is possible and
when impossible.

Eudoxus of Cnidus, a little younger than Leon and a
companion of Plato’s pupils, in the first place increased
the number of general theorems, added three proportions
to the three already existing, and also developed further
the things begun by Plato concerning the section,® making
use, for the purpose, of the analytical method (rai¢ ava-
Aboeow).

Amyclas of Heraclea, one of Plato’s companions, and
Menaechmus, a pupil of Eudoxus and also an associate

2 Does this mean the cutting of a straight line in extreme and mean ratio,
‘“ sectio aurea’ ? or is the reference to the invention of the conic sections ? Most
probably the former. In Euclid’s Elements, lib. X111., the terms analysss and
synthesis are first used and defined by him in connection with theorems relating
to the cutting of a line in extreme and mean ratio. See Bretschneider, die

Geometrie vor Euklides, p. 168.
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of Plato, and his brother, Deinostratus, made the whole

of geometry more perfect. Theudius of Magnesia appears
to have been distinguished in mathematics, as well as
in other branches of philosophy, for he made an excellent
atrangement of the Elements, and generalized many parti-
cular propositions. Athenaeus of Cyzicus [or Cyzicinus of
Athens] about the same time became famous in other

mathematical studies, but especially in geometry. All
these frequented the Academy, and made their researches

in common.

Hermotimus of Colophon developed further what had
been done by Eudoxus and Theaetetus, discovered much
of the Elements, and wrote something on Loci. Philip-
pus Mendaeus [ Medmaeus], a pupil of Plato, and drawn by
him to mathematical studies, made researches under Plato’s
direction, and occupied himself with whatever he thought
would advance the Platonic philosophy. Thus far those
who have written on the history of geometry bring the
development of the science.®

Proclus goes on to say, Euclid was not much younger
than these; he collected the Elements, arranged much of
what Eudoxus had discovered, and completed much that

had been commenced by Theaetetus; further, he substi-
tuted incontrovertible proofs for the lax demonstrations
of his predecessors. He lived in the times of the first
Ptolemy, by whom, it is said, he was asked whether there

was a shorter way to the knowledge of geometry than by
his Elements, to which he replied that there was no 7oya/

road to geometry. Euclid then was younger than the
disciples of Plato, but elder than Eratosthenes and Archi-
medes —who were contemporaries—the latter of whom
mentions him. He was of the Platonic sect, and familiar

3 From these words we infer that the History of Geometry by Eudemus is most
probably referred to, inasmuch as he lived at the time here indicated, and his

history is elsewhere mentioned by Proclus.—Proclus, ed. G. Friedlein, pp. 299,
333, 352, and 379.
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with its philosophy, whence also he proposed to himself
the construction of the so-called Platonic bodies [the

regular solids] as the final aim of his systematisation
of the Elements.*

¢ Procli Diadochi sn primum Euclidis Elementorum librum commentarii. Ex
recognitione G. Fniedlein. Lipsiae, 1873, pp. 64-68.
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CHAPTER 1.

THALES.

The founder of Greek Geometry.—Characteristic feature of his work.—Distinction
between Greek Science and the Science of the Orientals.—Notices of the
geometrical work of Thales. — Inferences from these notices as to his
geometrical knowledge.—Importance of his work.—The further progress of
Geometry was not due to his successors in the Ionic School.

THE first name, then, which meets us in the history of
Greek mathematics is that of THALES of Miletus (640-

546 B.C.). He lived at the time when his native city, and
Ionia in general, were in a flourishing condition, and when
an active trade was carried-on with-Egypt. Thales himself
was engaged in trade, is said to have resided in Egypt,
and, on his return to Miletus in his old age, to have brought
with him from that country the knowledge of geometry and

astronomy.
To the knowledge thus introduced he added the capital

creation of the geometry of lines, which was essentially
abstract in its character. The only geometry known to the
Egyptian priests was that of surfaces, together with a
sketch of that of solids, a geometry consisting of some

simple quadratures and elementary cubatures, which they
had obtained empirically; Thales, on the other hand, intro-
duced absiract geometry, the object of which is to establish
precise 7e¢lafions between the different parts of a figure, so
that some of them could be found by means of others in a
manner strictly rigorous. This was a phenomenon quite
new in the world, and due, in fact, to the abstract spirit of
the Greeks. In connection with the new impulse given to
geometry, there arose with Thales, moreover, scientific
astronomy, also an abstract science, and undoubtedly a
Greek creation. The astronomy of the Greeks differs from

that of the Orientals in this respect, that the astronomy of
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the latter, which 1s altogether concrete and empirical, con-
sisted merely in determining the duration of some periods,
or in indicating, by means of a mechanical process, the
motions of the sun and planets, whilst the astronomy of the
Greeks aimed at the discovery of the geometric laws of the
motions of the heavenly bodies.!

The following notices of the geometrical work of Thales
have been preserved :—

(a). “ He is reported to have first demonstrated that the
circle was bisected by its diameter”’;*

(6). He is said first to have stated the theorem that the
angles at the base of every isosceles triangle are equal, “or,
as in archaic fashion he phrased it, /zke (duotar)’’ ;2

(¢). Eudemus attributes to him the theorem that when

two straight lines cut each other, the vertically opposite
angles are equal ;*
(). ¢ Pamphila® relates that he, having learned geo-
metry from the Egyptians, was the first person to describe
a right-angled triangle in a circle; others, however, of
whom Apollodorus, the calculator (6 Aoyiorikég), is one, say
the same of Pythagoras’’;*

(¢). ¢ He never had any teacher except during the time
when he went to Egypt and associated with thé priests.
Hieronymus also says that he measured the pyramids,
making an observation on our shadows when they are of

1 The importance, for the present research, of bearing in mind this abstract
character of Greek science consists in this, that it furnishes a clue by means of
which we can, in many cases, recognise theorems of purely Greek growth, and
distinguish them from those of eastern extraction. The neglect of this considera-
tion has led some recent writers on the early history of geometry greatly to
exaggerate the obligations of the Greeks to the Orientals; whilst others have
attributed to the Greeks the discovery of truths which were known to the
Egyptians. See, in relation to the distinction between abstract and concrete
science, and its bearing on the history of Greek Mathematics, amongst many
passages in the works of Auguste Comte, Systéme de Politique Positive, vol. 111.,
ch. iv,, p. 297, s¢., and vol. 1., ch. 1., pp. 424-437; and see, also, les Grands
Types de P Humanité, par P. Lafhtte, vol. 11., Lecon 15iéme, p. 280, sqg.—Appré-
ciation de la Science Antique.
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the same length as ourselves, and applying it to the pyra-
mids.””” To the same effect Pliny—** Mensuram altitudinis
earum omnemque similem deprehendere invenit Thales
Milesius, umbram metiendo, qua. hora par esse corpori
solet ;'8

(This is told in a different manner by Plutarch. Niloxe-
nus is introduced as conversing with Thales concerning
Amasis, King of Egypt.—¢ Although he [ Amasis | admired
you [ Thales] for other things, yet he particularly liked the
manner by which you measured the height of the pyramid
without any trouble or instrument ; for, by merely placing
a staff at the extremity of the shadow which the pyramid
casts, you formed two triangles by the contact of the sun-
beams, and showed that the height of the pyramid was to
the length of the staff in the same ratio as their respective
shadows ”’).*

(/). Proclus tells us that Thales measured the distance
of vessels from the shore by a geometrical process, and that
Eudemus, in his history of geometry, refers the theorem
Eucl. I. 26 to Thales, for he says that it is necessary to use
this theorem in determining the distance of ships at sea
according to the method employed by Thales in this inves-
tigation ;'

(£). Proclus, or rather Eudemus, tells us in the passage
quoted above 7z extemso that Thales brought the know-
ledge of geometry to Greece, and added many things,

3 Proclus, ed. Friedlein, p. 1§7.
3 Ibid, p. 250.
¢ Ibid, p. 299.
 Pamphila was a female historian who lived at the time of Nero; an Epi-
daurian according to Suidas; an Egyptian according to Photius.
$ Diogenes Laertrus, I., c.1., n. 3, ed. C. G. Cobet, p. 6.
16 8¢ ‘lepdvvuos kal exuperprioal ¢onow avrdy 7Tas wupauldas &x Tis oxias

waparyphoavra §re yuiwv icoueyélas eicf. Diog. Laert., 1., c. i., n. 6, ed. Cobet,
p. 6.

8 Plin. Nat. Hist. XXXVI1., 17.
9 Plut. Sept. Sap. Conviv. 2. vol. 111., p. 174, ed. Didot.
10 Proclus, ed. Friedlein, p. 352.
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attempting some in a more abstract manner, and some
in a more intuitional or sensible manner."

Let us now examine what inferences as to the geome-
trical knowledge of Thales can be drawn from the preced-
ing notices.

First inference.—Thales must have known the theorem
that the sum of the three angles of a triangle is equal to
two right angles.

Pamphila, in (d), refers to the discovery of the property
of a circle that all triangles described on a diameter as
base, with their vertices on the circumference, have their
vertical angles right.'* , |
Assuming, then, that this theorem was known to Thales,
he must have known that the sum of the three angles of
any right-angled triangle is equal to two right angles; for,
if the vertex of any of these right-angled triangles be con-
nected with the centre of the circle, the right-angled tri-
angle will be resolved into two isosceles triangles; and
since the angles at the base of an isosceles triangle are
equal—a theorem attributed to Thales (6)—it follows that
the sum of the angles at the base of the right-angled tri-
angle is equal to the vertical angle, and that therefore the

11 Proclus, ed. Friedlein, p. 6§.

13 This is unquestionably the discovery referred to. The manner in which it has
been stated by Diogenes Laertius shows that he did not distinguish between a
problem and a theorem; and further that he was ignorant of geometry. To this
effect Proclus :—‘ When, therefore, anyone proposes to inscribe an equilateral
triangle in a circle he proposes a problem; for it is possible to inscribe one that
is not equilateral. But when anyone asserts that the angles at the base of an
isosceles triangle are equal, he must afirm that he proposes a theorem; for it is
not possible that the angles at the base of an isosceles triangle should be unequal
to each other. On which account if anyone, stating it as a problem, should say
that he wishes to inscribe a right angle in a semicircle, he must be considered as
ignorant of geometry, since every angle in a semicircle is necessarily a right
one.’’—Taylor’s Proclus, vol. 1., p. 110. Procl. ed. Friedlein, pp. 79, 8o.

Sir G. C. Lewis has subjected himself to the same criticism when he says—
¢¢ According to Pamphila, he first solved the problem of inscribing a right-angled
triangle in a circle.””—G. Comewall Lewis, Historical Survey of the Astronomy
of the Ancients, p. 83. |
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that the geometers older than the Pythagoreans can be no
other than Thales and his successors in the Ionic school.

If I may be permitted to offer a conjecture, in confor-
mity with the notice of Geminus, as to the manner in which
the theorem was arrived at in the different species of tri-
angles, I would suggest that Thales had been led by the
concrete geometry of the Egyptians to contemplate floors
covered with tiles in the form of equilateral triangles or
regular hexagons,'* and had observed that six equilateral
triangles could be placed round a common vertex; from
which he saw that six such angles made up four right
angles, and that consequently the sum of the three angles
of an equilateral triangle is equal to two right angles (¢).
The observation of a floor covered with square tiles
would lead to a similiar conclusion with respect to the
isosceles right-angled triangle.!” Further, if a perpen-
dicular be drawn from a vertex of an equilateral triangle
on the opposite side,’”® the triangle is divided into two

right-angled triangles, which are in every respect equal
to each other, hence the sum of the three angles of each of
these right-angled triangles is easily seen to be two right
angles. If now we suppose that Thales was led to examine
whether the property, which he had observed in two dis-
tinct kinds of right-angled triangles, held generally for
all right-angled triangles, it seems to me that, by com-

«

16 Floors or walls covered with tiles of various colours were common in Egypt.
See Wilkinson’s Ancient Egyptians, vol. 11., pp. 287 and 292.

17 Athough the theorem that ¢‘only three kinds of regular polygons—the
equilateral triangle, the square, and the hexagon—can be placed about a point so
as to fill a space,” is attributed by Proclus to Pythagoras or his school (¢or: d
Bewpnua Tovro IMvlaydpeioy : Proclus, ed. Friedlein, p. 305), yet it is difhicult to
conceive that the Egyptians—who erected the pyramids—had not a practical
knowledge of the fact that tiles of the forms above mentioned could be placed so
as to form a continuous plane surface.

18 Though we are informed by Proclus (ed. Friedlein, p. 283), that Oenopides
of Chios first investigated (¢(frnoev) this problem, yet Thales, and indeed the
Egyptians, who were furnished with the square, could not be ignorant of its
mechanical solution. Observe that we are expressly told by Proclus that Thales
attempted some things in an intuitional or sensible manner.
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pleting the rectangle and drawing the second diagonal, he
could easily see that the diagonals are equal, that they
bisect each other, and that the vertical angle of the right-
angled triangle is equal to the sum of the base angles.
Further, if he constructed several right-angled triangles
on the same hypotenuse he could see that their vertices
are all equally distant from the middle point of their com.-
mon hypotenuse, and therefore lie on the circumference
of a circle described on that line as diameter, which is the
theorem in question. It may be noticed that this remark-
able property of the circle, with which, in fact, abstract
geometry was inaugurated, struck the imagination of
Dante :—

‘“ O se del mezzo cerchio far si puote

Triangol si, ch’un retto non avesse.”
FPar. c. xiil. 101.

Second inference.—~The conception of geometrical loci

1S due to Thales.

We are informed by Eudemus ( /) that Thales knew
that a triangle is determined if its base and base angles

are given; further, we have seen that Thales knew that,
if the base is given, and the base angles not given sepa-
rately, but their sum known to be a right angle, then there
could be described an unlimited number of triangles
satisfying the conditions of the question, and that their
vertices all lie on the circumference ot a circle described
on the base as diameter. Hence it is manifest that the
important conception of geomelrical locs, which is attributed
by Montucla, and after him by Chasles and other writers
on the History of Mathematics, to the school ot Plato,!*

had been formed by Thales.

19 Montucla, Histoire des Mathématiques, Tome 1., p. 183, Paris, 1758.
Chasles, Apercu historique des Méthodes en Géoméirie, p. §, Bruxelles, 1837.
Chasles in the history of geometry before Euclid copies Montucla, and we have a
remarkable instance of this here, for Chasles, after Montucla, calls Plato ¢‘ ce chef

du Lycée.”
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Third inference.—Thales discovered the theorem that

the sides of equiangular triangles are proportional.
The knowledge of this theorem is distinctly attributed

to Thales by Plutarch in a passage quoted above(¢). On
the other hand, Hieronymus of Rhodes, a pupil of Aris-
totle, according to the testimony of Diogenes Laertius,*
says that Thales measured the height of the pyramids by
watching when bodies cast shadows of their own length,
and to the same effect Pliny in the passage quoted above (e).
Bretschneider thinks that Plutarch has spun out the story

told by Hieronymus, attributing to Thales the knowledge
of his own times; denies to Thales the knowledge of the
theorem 1n question, and says that there is no trace of any
theorems concerning similarity before Pythagoras.? He
says, further, that the Egyptians were altogether ignorant
of the doctrine of the similarity of figures, that we do not
find amongst them any trace of the doctrine of proportion,
and that Greek writers say that this part of their mathe-
matical knowledge was derived from the Babylonians or
Chaldaeans.”® Bretschneider also endeavours to show that
Thales could have obtained the solution of the second
practical problem—the determination of the distance of a
ship from the shore—by geometrical construction, a method
long before known to the Egyptians.?® Now, as Bretsch-
neider denies to the Egyptians and to Thales any knowledge
of the doctrine of proportion, it was plainly necessary, on
this supposition<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>